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Abstract
The present work focuses on improving the understanding and modelling of the mechanical response
of woven composites. It comprises of original experimental observations together with novel numerical
and analytical developments.
The experimental work focused on the investigation of damage initiation and propagation under
compression. Detailed microscopy shows that damage is controlled by the individual failure of the load-
aligned tows through kink-band formation. Moreover, both weave architecture/internal geometry and
support provided by the adjacent layers are seen to aﬀect damage location and morphology, suggesting
that, to capture the failure mechanisms in compression, they should be explicitly modelled.
Subsequently a theoretical framework to derive periodic boundary conditions for the mechanical
analysis of periodic structures, using domains smaller then the unit cells, is presented. These domains,
named reduced Unit Cells, lead to significant gains in eﬃciency, which enable the use of refined
numerical/analytical models.
The framework mentioned above was used to develop a detailed nonlinear numerical model of a
2D woven composite. Weave architecture was modelled explicitly and the eﬀect of the support pro-
vided by the adjacent layers was taken into account. The constitutive response and ultimate strength
values predicted numerically agree well with experimental results for both tension and compression.
Additionally, the model was used to investigate the eﬀect of the biaxial loading ratio on the failure
strength.
Finally, an analytical model to predict the compressive and tensile response of woven composites
is presented. The load-aligned tow was modelled as an Euler-Bernoulli beam supported by an elastic
i
foundation. The properties of the latter are fully derived from kinematic models for the deformation
of the weave, providing great insight into the deformation mechanisms of woven composites. The
analytical predictions agree well with both experimental and numerical results. Overall, its flexibility
oﬀers an alternative and valuable addition to detailed numerical models, particularly when performing
sensitivities studies.
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Chapter 1
Introduction
The use of Fibre Reinforced Polymer (FRP) composite materials is growing at a fast pace. High
specific strength, good fatigue behaviour combined with versatility, make FRP composites strong can-
didates in applications requiring structural eﬃciency. They can be found in nearly all industries where
high structural performance is required: space, aeronautics, military, energy, sport and medical equip-
ment, amongst others. The first generation of composite products produced 50 years ago has proved
highly reliable. Numerous studies have been published since, enlarging considerably the knowledge
database of these innovative materials. Designers have today the confidence needed to intensify and
broaden composites application. However, despite composites growing usage and improved overall un-
derstanding, their accurate behaviour prediction is still a challenge. High safety factors and extensive
experimental programs are often needed when designing with composites, leading to ineﬃciencies and,
in some cases, compromising the use of composites to such extent that designers chose more traditional
materials.
Due to their reinforcement architecture 2D woven composites have very good conformability and
easy handling, being particularly well suited for the manufacturing of parts with complex geometries.
Additionally, they also have good damage tolerance and impact resistance, due to their improved
through-thickness performance. However, their in-plane properties are in general poorer than their
Uni-Directional (UD) counterparts. This reinforces the need to have a thorough understanding of their
failure process, not only to optimize the use of existing materials, but also to help developing materials
with enhanced properties.
1
CHAPTER 1. INTRODUCTION 2
The present work focuses on the improvement of the understanding and modelling of the failure of
2D woven composites. Chapter 2, starts by introducing 2D woven composites highlighting their key
features and modelling challenges. Subsequently, an overview is presented of experimental work found
in literature carried out to understand failure of 2D woven composites under diﬀerent loading cases.
Finally, it concludes by presenting the diﬀerent approaches used to model and predict their failure,
summarizing advantages and drawbacks.
The experimental study of the compressive failure of orthogonal 2D woven composites is generally
hindered by: (i) the typically sudden nature of compressive failure, and (ii) the need to understand
the role of the reinforcement geometry on the failure process. Therefore, most of the existing liter-
ature focuses on the final failure morphology, rather than on the process itself. Chapter 3 presents
experimental research carried out to gather insight into the failure mechanisms and investigate the
eﬀect of the reinforcement architecture on the failure process. This study enabled the identification of
guidelines concerning the modelling approaches that should be followed in order to capture the physics
of the failure process.
The findings from Chapter 3 highlighted the need to explicitly capture the eﬀect of the reinforcement
architecture and geometry both at lamina and laminate level. The use of numerical models of a
representative region is one of the most common approaches to predict failure of woven composites.
Typically, a finite element model of a Unit Cell (UC) is developed at the meso-scale, distinguishing
between tows and matrix, and therefore explicitly modelling the reinforcement. Loading is then applied
using Periodic Boundary Conditions (PBCs). However, UCs can be large, compromising the type of
analysis that can be performed. In Chapter 4, a theoretical framework is presented that enables the
derivation of PBCs for the minimum possible domain that can be used to perform a given analysis,
whilst obtaining the same results as when using the full UC. The latter leads to significant time savings
in modelling, meshing and analysis stages, increasing significantly the overall eﬃciency, and allowing
the use of more refined/complex models.
Using the framework presented in Chapter 4, a numerical model of a 2D woven composite was
developed and is presented in Chapter 5. The reduced size of the domain used, enabled the detailed
modelling of the reinforcement architecture and geometry at the lamina level (in-plane). Additionally,
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the eﬀect of the reinforcement at laminate level (through-thickness) is accounted for by considering
two cases of support provided by the adjacent layers. The model was successfully used to predict
compressive and tensile failure and to investigate the eﬀect of the support provided by the adjacent
layers on the biaxial failure envelope.
Chapter 6 presents an analytical model to predict the compressive and tensile failure of 2D woven
composites. The load-aligned tow was modelled as an Euler-Bernoulli beam supported by an elastic
foundation. The properties of the latter are fully derived from kinematic models for the deformation of
the weave. The numerical model developed in Chapter 5 was used to validate the approach proposed.
Analytical predictions agree well with both numerical and experimental results. Having a negligible
runtime, the analytical model provides an alternative and a valuable addition to detailed numerical
models, particularly useful when performing parametric/sensitivities studies.
The present work concludes with an overall discussion of the work presented, Chapter 7, followed
by its main conclusions, Chapter 8, and an overview of avenues worth pursuing in the near future,
Chapter 9.
Chapter 2
Failure modelling of 2D Woven
composites: state of the art
2.1 Orthogonal 2D Woven Composites
2.1.1 Introduction
Fibre Reinforced Polymer composite materials consist of a polymer-matrix reinforced with fibres.
The reinforcement architecture, ranging from unidirectional (UD) fibres to complex 3D preforms [1],
plays a decisive role on the overall material properties. A large variety of textile reinforcements is
available, Fig. 2.1; Cox et al [2] proposed a classification based on the machines and processes used in
their fabrication, outlined in Fig. 2.2. The present study focuses on orthogonal 2D woven reinforced
composites, Fig. 2.3.
While traditional UD reinforced composites are characterized by high in-plane specific stiﬀness and
strength, woven composites have generally poorer in-plane properties. However, due to their reinforce-
ment architecture, they have better conformability and easier handling than UD, leading to savings in
manufacturing operations by reducing layup labour requirements, in particular for parts having a com-
plex geometry [3]. Additionally, they have in general better damage tolerance and impact resistance
[4]. In the present section, an overview on 2D woven composites is provided following a constitutive
bottom-up approach: starting with the discussion of the building blocks of woven composites, the tows
or yarns, and finishing with the analysis of the laminate.
4
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(a) (b) (c)
Figure 2.1: Textiles architectures, adapted from [5] and [6].
Weaves 
2D 
3D 
Orthogonal 
Triaxial 
Uniweaves 
Angle interlock 
Orthogonal interlock 
Multi-axial 
Warp knit 
Braids 
2D 
3D 
Bias 
Triaxial 
Tubular 
Cartesian 
Stitching 
Non-woven 
N-directional 
Figure 2.2: Textile architectures available for high performance composite structures, adapted from
[2].
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Figure 2.3: Example of application of orthogonal 2D woven Composites.
2.1.2 Yarns and Tows
Woven composites are made through the interlacing of yarns or tows in a given pattern. Diﬀerent types
of fibres can be used in the tows/yarns manufacture, the most common being carbon and glass fibres.
The linear density of yarns and tows is generally measured in tex (g.km−1) or denier (g.(9000m)−1).
Their path, defined by their centre-line, varies with weave type and constituents. In textile literature
[7], the path undulation is normally quantified by the crimp which is defined as the diﬀerence in
length between the unstretched and the straightened tow under a specified tension, [8]. In composites’
texts, the exact crimp definition varies across literature; often alternative measures such as crimp
angle and crimp ratio are introduced, Figs. 2.4 and 2.5, respectively. Most of the yarn/tow geometry,
including cross section shape and path, can not be defined prior to the weave fabrication. They are
determined a posteriori through detailed micrographical analysis, often coupled with computer-aided
image processing.
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Figure 2.4: Definitions of Yarn shape parameters [9].
Figure 2.5: Crimp ratio definition [10].
2.1.3 Fabrics
Orthogonal 2D woven fabrics are produced by interlacing two sets of yarns/tows on a loom at right
angles with each other in a regular pattern or weave style. The long-wise yarns/tows are called warps
or ends, while the yarns/tows transversely shuttled across the loom are called wefts or fills. Numerous
weave patterns can be produced, Fig. 2.6 shows three of the most common ones: plain, twill and satin.
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(a) Plain (b) 3× 3 twill (c) 5H satin
Figure 2.6: Diﬀerent styles of woven textile reinforcement
In plain weaves, each warp passes alternately under and over each weft. In twill weaves, one
or more warps alternately weave over and under two or more wefts in a regular repeated manner,
producing a distinct diagonal line. In the twill weaves characterization, Fig. 2.6b, the first and second
numbers refer to the number of wefts that the warp yarns/tows cross over and under. Satin weaves are
distinguished by one yarn/tow having a long float over several others on one side of the fabric. The
‘harness’ number n means the dominant yarn/tow (warp or weft) passes over n − 1 yarns/tows and
under the nth . Satin weaves and twill weaves with ratio diﬀerent than one, can be classified as warp
or weft faced depending on the surface dominance. A fabric is weft dominated if its surface has more
wefts then warps and vice-versa. Indeed, twill and satin weaves allow many variations, often not easy
to perceive; the interested reader can find further information in [11].
Diﬀerent architectures lead to diﬀerent mechanical properties. Table 2.1 gives a general qualitative
comparison between plain, twill and satin weaves. Plain weave is probably one of the most commonly
used weaves. Due to its architecture, it has generally better stability than twill and satin. However,
it also has larger crimp, and consequently poorer in-plane mechanical properties. Twill weaves have
lower crimp than plain and thus better mechanical properties and drapability, at the expense of a
lower stability. Satin weaves have very low crimp and very good drapability and smoothness. Never-
theless, they are in general less stable than both twill and plain and their asymmetric nature (surface
dominance) needs to be considered.
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Table 2.1: Weave Styles: Comparison of Properties adapted from [12].
Plain Twill Satin
Low crimp * ** ****
Stability *** *** *
Drapability * *** ****
Low Porosity ** *** ****
Smoothness ** *** ****
****=Excellent, ***=Very Good, **=Acceptable, *=Poor
In general, for any weave, the number of yarns/tows per unit length (fabric count) and/or the fibre
volume need not to be the same in both warp and fill directions. A fabric is called unbalanced if its
count and/or the fibre volume in the orthogonal directions are not the same, and balanced otherwise.
In addition, the fibre material can be diﬀerent in warp and weft; these types of fabrics are referred to
as hybrid.
Shear deformations
When preforms are used to manufacture reasonably flat surfaces, it is realistic to assume that warps
and wefts of an orthogonal 2D woven reinforcement remain orthogonal to each other. However, in
complex shaped surfaces, deformation will occur due to the adjustment of the fabric to the surface,
and this assumption has to be reconsidered. This phenomena is directly related to the composites
forming, a subject studied by numerous authors; a comprehensive review was made by Lim et al [13].
Although much work has been published on mechanical forming, few works can be found explicitly
studying its eﬀect on the mechanical properties [14–18], and nearly any on failure, [19, 20].
2.1.4 Laminates
Orthogonal 2D woven fabrics are used in the manufacture of laminated composites. In these, layers
of fibre-reinforced material are bonded together. The manufacturing routes for 2D woven reinforced
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composites are generally the same of the more traditional UD reinforced composites. Autoclave mould-
ing of prepregs is probably the most used fabrication method in aerospace applications. Although in
general labour intensive, it produces parts with high quality and excellent mechanical properties, Fig.
2.7.
Figure 2.7: Comparison of fabrication processes [11].
Prepregs are material forms consisting of continuously unidirectional or woven fibres, precoated with
a controlled quantity of an uncured catalyzed resin matrix material, [21]. They are normally supplied
on a roll with a backing film which separates each layer and improves handling characteristics. In order
to delay the curing of the resin, they are typically stored at temperatures below 5°C. The prepreg is
then cut in layers that, after the backing film is removed, are laid in the desired position on an open
mould. Vacuum and heat are in turn applied to remove the entrapped air and complete the curing
process. This is often undertaken in an autoclave such that a higher compaction pressure is achieved,
Fig. 2.8.
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Figure 2.8: Schematic illustration of the prepreg moulding process [19].
Due to their reinforcement architecture, woven fabric laminates have additional variability sources,
when compared to UD. Some of the most important ones are: the shear deformation of the fabric,
discussed in the previous section, nesting/stacking, and the eﬀect of asymmetries in the fabric weave.
All will influence to some extent the mechanical properties of the laminate and are briefly reviewed in
the next section.
Stacking & Nesting
Stacking refers to the way Unit Cells (UCs) of adjacent layers, with same fibre orientation, are placed
on top of each other. Possible variations include shifts in the weft and warp direction, Fig. 2.9, and
ordering of layers with diﬀerent surface domination, Fig. 2.10.
(a) No shift
(b) Shift in warp and weft directions
Figure 2.9: Variations in stacking: shifting
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Figure 2.10: Variations in stacking: surface domination
Nesting refers to the interlock of adjacent layers. Since the surfaces of the layers are not flat, when
the laminate is being cured, coincident valleys and peaks of adjacent layers will nest, resulting in a
decrease in resin-rich areas. The degree of nesting aﬀects laminate properties such as thickness and
fibre volume. It is a function of the compactation pressure, and thus manufacturing process in general,
and stacking configuration, as the latter determines the number of coincident valleys and peaks in a
given laminate. Therefore, it is worth highlighting that experimentally it is virtually impossible to
dissociate stacking from nesting, and both are inevitably considered simultaneously.
A great number of works considering nesting/stacking are related to the determination of the general
properties of the laminate after compaction. Stacking configurations, reinforcement geometries and
compaction pressure are some of the variables typically considered to aﬀect nesting. Examples of these
are the works done by Lomov et al [22] or more recently Chen et al [23], to which the interested reader
is recommended for more references.
The eﬀect of stacking and nesting on the global and local response of woven composites has been
studied experimentally [24–29], analytically [30, 31] and numerically [32–35]. The main conclusions
from the available literature is that stacking configuration as a minor eﬀect on the stiﬀness, but
potentially a significant eﬀect on the strength of a laminate, as it greatly aﬀects the local stress state
(reinforcement level). Few works explicitly study the eﬀect of stacking on the damage mechanisms
and failure. However, very high variations in strength with stacking configuration, up to 32%, were
reported to occur under compressive loading, [26].
The next section provides a review on the failure mechanisms under diﬀerent loading conditions,
and their relation with the various features of woven composites.
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2.2 Failure Mechanisms
2.2.1 Tension
Having identified the need for experimental studies addressing the failure behaviour of woven com-
posites, Kurath et al [36] performed an exhaustive experimental study, using 5H satin carbon-epoxy
composites under diﬀerent loading conditions. Under tensile loading, global failure was observed to be
governed by the failure of the longitudinal tows, fractured perpendicular to the loading direction and
pulled out from the matrix. The fracture surface also exhibited loose transverse tows.
Roy [25] tested 8H satin graphite-epoxy specimens with diﬀerent stacking sequences. Damage
initiation and progression was monitored using an acoustic emission sensor. Tests were stopped at
diﬀerent damage levels and the polished edges of the specimens observed using an optical microscope.
The main initial damage mechanism observed was intra-ply delaminations, occurring between the
transverse tow and the matrix at lower strains, and between adjacent tows at higher strains. These
normally extended to the interior of the transverse tows.
Naik et al [31] performed an exhaustive experimental program. The goal was to generate a database
of thermo-mechanical properties of woven composites that could help validating the analytical mod-
els developed. Experimental and predicted stress-strain curves were obtained and compared. The
nonlinearities of the predicted curves and the damage mechanisms associated were correlated with
the nonlinearities observed in the experimental curves, and the damage mechanisms assumed to be
the same (such as transverse tow cracking, pure matrix failure, etc). However, no observations were
presented to validate this association.
Continuing the work previously developed, Roy [37] tested two composites systems, an unbalanced
5H satin composite and a model laminate with planar (one-directional) fibre crimping. The aim was
to use the simplified model laminate, with crimping in one direction only, to understand the influence
of the stress components in the vicinity of the tow crimping, on the failure of the composite. The
model laminate and the 5H satin composite waviness ratios were similar, Fig. 2.11. The specimens
were loaded in tension, and the polished edges were inspected for damage using microscope. In the 5H
satin composite, the first cracking appeared as interface cracks near the tip of the fill yarn bundles,
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Figure 2.11: Schematic view of the model laminate and definition of the waviness ratio
￿
a
λ
￿
[37].
Fig. 2.12a. With further increase in load, the yarn interface crack propagated along the interface
from the tip of the yarn to its midsection. At about 98% of the failure load, intra-yarn delamination
occurred in the warp yarns Fig. 2.12b. No fibre breakage was visible on the specimen cross-section at
this strain level. Final failure occurred at the damage locations along the crimp lines. In the model
composite, the initial damage mechanisms were substantially diﬀerent. The first cracking occurred in
the 90º lamina near the wavy region. These cracks propagated throughout the width of the specimen.
With increasing load, the cracks in the 90º laminae grew further and started to branch out as interface
cracks at the 0º/90º lamina-interface, Fig. 2.13. Around 90% of the failure load, some fibre breakage
in the wavy region was visible, although the final failure did not occur in the wavy region.
Gyekenyesi [38] evaluated the performance of a 8H satin carbon fibre-polyimide composite, both
at room and high temperature (316ºC). Although the study focus was on fatigue damage, also
monotonic tensile and compressive tests were performed and respective damage mechanisms observed.
In the tension case, at room temperature, the first observable damage was the transverse cracking
of the transverse tows. These cracks continued to accumulate up to failure. Starting at the corners
of the coupons, intra-ply and inter-ply delamination where the next observable damage mechanisms.
With increase in temperature, inter-laminar fracture occurred almost simultaneously, with transverse
cracks along the edge of the coupon. Both mechanisms continued to accumulate up to failure. Less
transverse cracks were found in the specimens tested at high temperature. Overall, temperature
aﬀected the tensile strength and modulus in about 2.8% and 2.1% respectively. At both room and
high temperature, the stress-strain curve remained linear nearly until failure, with a slight stiﬀening
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(a) Fill yarn interface cracks
(b) Delamination at the vicinity of the yarn crimping
Figure 2.12: Cross-sectional micrograph of the 5HS composite [37].
as loading increased. This stiﬀening behaviour contradicts results from other studies, where a decrease
in stiﬀness was found before failure, so-called ’knee behaviour’. The author attributed this behaviour
to the straightening of the tows with increased loading. Recently, Lomov et al [39] proposed the
stiﬀening of the carbon fibres could also be responsible for this stiﬀening eﬀect verified in some textile
composites.
Gao et al [28] investigated the damage accumulation and its eﬀects in the material properties of
8H satin carbon-polyimide composites with diﬀerent stackings, Fig. 2.14.
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Figure 2.13: Cross-sectional micrograph of the model composite, Fig. 2.11, showing transverse cracks
and interface crack initiation [37].
(a) Surface domination: Fill or 90º (b) Surface domination: warp or 0º
Figure 2.14: Diﬀerent surface domination in a 8H satin laminate [28].
Two types of materials with diﬀerent fibres, resin type and fabrication method were tested. Acous-
tic emission was monitored and used to determine the damage onset and accumulation. Gao and
colleagues started by studying the eﬀect of the early damage on the Young’s modulus, Poisson’s ratio
and cumulative residual strain. They found that both Poisson’s ratio and cumulative residual strain
were much more sensitive measures of transverse cracking and delamination than the Young’s modulus.
The latter was seen to be only slightly aﬀected by the initial transverse matrix cracking. With further
loading, delaminations produced an additional reduction in Young’s modulus particularly significant
in the laminates with less layers, were delaminations density was higher. The damage initiation and
accumulation was observed by microscopical observation of the polished edges and edge sections of the
specimens. Transverse matrix cracking was the first observable type of damage. Transverse matrix
cracks formed within the fibre bundles and only very rarely appeared at the interface between two 90º
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Figure 2.15: Transverse matrix cracks in a thick inner 90º fibre band formed by two adjacent cloth
layers. Size bar is 50µm [28].
tows. At low strains, short cracks were initiated (some < 1 mm). Additional cracks were formed with
increasing strain and many of the existing cracks increased in length. The length of newly formed
cracks tended to increase with the applied strain at which they formed. In a thick transverse fibre
band formed by adjacent fibre tows with the same orientation occurring in two neighbouring plies,
most transverse cracks spanned the entire band thickness, such as crack A in Fig. 2.15. Cracks such
as B, Fig. 2.15, that did not span the entire thickness were normally stable with increasing strain.
The transverse cracks were seen to propagate diﬀerently in specimens of diﬀerent materials. In one
of the materials tested they tended to follow the fibre resin interface, while in the other transverse
fibre fracture was frequently observed. Transverse crack density was also found to be both layup and
material dependent. Most cracks which formed near the crimp regions often developed an associated
delamination, see Fig. 2.16. Surface 0º dominated specimens developed larger delaminations than
surface 90º, with maximum length approximately equal to the crimping length. Longitudinal split-
ting was another damage mechanism observed prior to failure in some specimens. The splits initiated
soon after the onset of transverse cracking, but the splitting lengths did not increase appreciably with
increasing load.
Guagliano et al [40] carried out tensile tests on balanced plain weave carbon-epoxy composite in
order to validate the FEM developed to study the mechanical behaviour of plain weave composites.
The stress-strain curve was observed to be linear until the failure of the warp tows. The specimens
fracture surface was examined through Scanning Electron Microscope (SEM). The analysis of the
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(a) (b)
Figure 2.16: Transverse matrix cracks in (a) crimp region and (b) non-crimp region of the two layer
surface 0º dominated laminate. Cracks in the crimp regions often develop connecting delaminations
which are not seen in non-crimp regions. Size bar is 200 µm [28].
broken fibre fracture surface, Fig. 2.17, allowed to conclude that the tows did not suﬀer appreciable
deformation.
Figure 2.17: SEM images of the broken surface of a plain weave specimen [40].
Osada et al [10] studied the initial fracture behaviour of plain and 4H satin glass-vynilester com-
posites, Fig. 2.18. The diﬀerences in architecture of both composites lead to diﬀerent crimp ratios
and tow cross sections. The 4H satin composite had a significantly smaller crimp ratio and tow cross
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section aspect ratio. To study damage progression, Osada and co-workers used the replica observation
technique. Prior to the testing, the surface at one side edge of the specimen was polished. During the
tensile tests, the testing machine was periodically stopped and the polished edge surface of the specimen
was replicated on a replica film that was then observed using optical microscopy. Two predominant
damage mechanisms were observed, weft tows transverse cracking and warp fibres fracture.
(a) (b)
Figure 2.18: Textile structure geometry. (a) Definition of crimp ratio and aspect ratio, (b) schematic
drawing of the two woven architectures studied [10].
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(a) Plain
(b) 4H satin
Figure 2.19: Micrographs obtained by replica observation at diﬀerent strains [10].
In both laminates, transverse cracks started at the tensile side of the weft bundle. In the plain
weave composites, weft tows transverse cracking initiated at a strain of approximately 0.4%, Fig.
2.19a. Warp fibre fracture was observed at higher strains, around 0.8%. In the satin composites
transverse cracks and filament fracture were simultaneously observed at a strain of 0.8%, Fig. 2.19b.
The observed damage initiation strain, for both composites, correlated well with the onset of the knee
point identified on the stress-strain curve, Fig. 2.20.
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Figure 2.20: Stress strain curves of plain and satin woven glass-vynilester composites. Circles identify
the knee point of each material [10].
The number of both transverse cracks and fibre fractures increased with increasing strain. The
number of transverse cracks after testing was found to be 1.2 times higher in the plain weave composites.
Abot et al [41] studied the in-plane mechanical, thermal and viscoelastic properties of a 5H satin
carbon-epoxy composite laminates. The composite tensile response up to failure was characterized by
a multi-linear behaviour with horizontal steps corresponding to ply failures. Final failure occurred as
a consequence of the failure of the longitudinal tows.
Nicoletto et al [42] experimentally analyzed the behaviour of twill weave graphite-epoxy laminates
and compared it with the predictions made using FEM. The tensile tests were interrupted periodically
to allow for microscope inspection and damage identification. The damage mechanisms observed were:
(i) matrix fracture and delamination at the interface between orthogonal tows, (ii) matrix fracture
within the fill tow, (iii) inter-ply delamination and (iv) fibre fracture in the warp tows. Although
damage prior to failure was observed, the stress-strain curve showed a linear behaviour. Final failure
was controlled by the load-aligned tows’ fibre fracture.
Recently, following the methodology proposed in [3], Ivanov et al [43] performed a detailed study
of the diﬀerences in response, including damage morphology, between four-ply laminated plain weave
composites and two non-crimp single-ply 3D orthogonal weave reinforced E-glass/epoxy composites.
Regarding the plain weave composite, transverse cracking was the first observed damage mechanism,
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leading to extensive delaminations at higher load levels. Daggumati et al [29] studied the tensile
damage mechanisms in a 5H satin weave carbon–PPS (polyphenylene sulphide) composite. The authors
reported that the damage initiation in diﬀerent layers of the laminate depended on the position of the
ply in the laminate. The earliest damage occurred in the inner layers, followed by the transverse crack
on the surface weft tow. Additionally, the authors also highlighted that the initial transverse cracks
tended to be located near the edges of the weft tows cross-section rather than at the centre.
2.2.2 Compression
One of the first studies on the compressive failure behaviour of 2D woven composites was performed
by Wilkinson [44]. Carbon-epoxy composites, with two types of reinforcements, 5H satin and plain
weave, were analyzed. In both weaves, it was reported that failure initiated by the breaking away of
the curved load-aligned tows from the transverse tows leading to the kinking of the former, Fig. 2.21.
The work from Reifsnider et al [45] is one of the few works presenting damage initiation observations.
The authors used a 8H satin carbon-polyimide material system. Compression tests were stopped before
final failure, and the edges of the specimens observed. Observations shown kinking of the load-aligned
tows was the predominant damage initiation mechanism controlling the failure process. The authors
also tested notched specimens. In the latter, failure initiated at the surface of the specimens at
the notch and also at the crimp regions of the tows close to the notch. These findings highlight
the importance of the reinforcement architecture in the failure process. However, the latter was not
explicitly investigated.
CHAPTER 2. FAILURE MODELLING OF 2D WOVEN COMPOSITES: STATE
OF THE ART 23
(a) (b)
Figure 2.21: Compressive failure in the plain weave specimen showing in (a) the breaking away of the
curved warp bundle from the weft bundle and in (b) kinking of the central bundle which resulted in
failure [44].
Kurath et al [36], using 5H weave carbon-epoxy composites, reported that the specimen failure
occurred through the forming of a transverse shear band, with the fracture surface making a 25º angle
with the loading direction. The longitudinal tows failed due to kinking in the out-of-plane direction.
The major crack propagated in the matrix without fracturing transverse fibres leading to a smooth
fracture for the transverse tows.
Fleck et al [46] studied the compressive behaviour of 3D and 2D woven carbon-epoxy laminates
using both notched and unnotched specimens. Compressive fracture of the 5H laminates was seen to
be dominated by kinking of the load-aligned tows. The transverse weft tows suﬀered matrix failure on
a plane at approximately 45º to the axial loading direction.
As mentioned in Section 2.1.4, Breilling et al [26] studied the influence of stacking/nesting in the
compressive strength. The authors performed compressive tests on 5H carbon-epoxy composites with
diﬀerent stacking configurations. Two types of final failure modes were reported: shear and wedge,
Fig. 2.22; however, no relation between the stacking configuration and the final failure mode was
established. Nevertheless, they concluded that diﬀerent stacking configurations could lead up to a 32%
reduction on the ultimate strength, while having no significant eﬀect on the material stiﬀness. This
observation highlighted the eﬀect of stacking/nesting on failure and its mechanisms.
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(a) Shear Band (b) Delaminations
Figure 2.22: Global failure morphology of samples of 5H Satin carbon-epoxy tested under compression
[26].
Grape et al [47] studied the eﬀect of temperature on the failure mode of carbon-polyimide compos-
ites. Compressive tests of 8H satin, 20 mm thick specimens, were performed at diﬀerent temperatures.
From room temperature up to the estimated glass transition temperature, failure occurred through a
staggered combination of kinking of the load-aligned warp tows and delaminations which tended to
propagate freely along the loading direction until the loaded surfaces were reached. The nucleation of
these inclined cracks was traced to the out-of-plane shear fracture of the material between load-aligned
tows. Due to the catastrophic nature of failure, it was diﬃcult to determine whether delamination,
cracking or kinking of the tows initiated failure. At a temperature higher than the glass transition
temperature, the failure mode changed, being characterized by kink-band formations, resulting in a
defined shear fault with an inclination of about 39º to the loading axis, Fig. 2.23. The shear-fault
consisted of kinked warp tows, with the fill tows extensively deformed in shear between the kink-bands.
Gyekenyesi [38], using a 8H satin Carbon-Polyimide material system, highlighted the sudden nature
of the compressive failure hindered the observation of the damage mechanisms. Neither the destructive
microscopy, nor edge view monitoring indicated any signs of microstructural damage prior to failure.
Post-mortem inspection of the specimens tested at room temperature, indicated extensive inter- and
intra-ply delaminations, and load-aligned tows buckling. At elevated temperature, post-failure analysis
showed fewer delaminations and more resin shear damage. Overall, temperature aﬀected the compres-
sive strength significantly reducing it by up to 6.7% while having hardly any eﬀect on the modulus.
Concerning the fill tows’ cross section cracking, high magnification optical micrographs shown that
at low temperatures the failure mechanism was fracture of the both matrix and fibres, while at high
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Figure 2.23: Transition in failure mode under fibre-aligned compression with temperature [47].
(a) (b)
Figure 2.24: Kink-band orientation for (a) unconfined and (b) 10.3 MPa confinement [48].
temperature gross plasticity resulted in debonding along the fibre matrix interfaces.
McGee et al [48] studied the eﬀects of through-thickness confinement and strain rate on the failure
mode and ultimate compressive strength of twill glass fibre-vinylester thick (20.3 mm) laminates.
At low confinement levels, failure occurred by axial splitting or small angle kink-bands, Fig. 2.24a.
Increasing the confinement level lead to the rotation of the kink-band to larger angles, Fig. 2.24b.
Kink-band formation was preceded by extensive micro-mechanical damage that tended to initiate at
defects (e.g. voids). In addition to fibre kinking, cracks were observed in the tows perpendicular to
the loading plane and across the width of the sample, following the undulation of the tows. They
consisted of fibre-matrix debonding and matrix cracks, and remained confined to the fibre tows until
the global kink-band was fully developed and began to slide. Microscopy analysis of samples loaded
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until just before failure, indicated that these cracks are present prior to kinking of the fibre tows, mostly
occurring around voids and dispersed throughout the sample. After the initial kink-band formation and
propagation, a plateau was reached on the stress-strain curve and the kink-band was fully developed.
The latter acted like a large frictional crack, as the two sides of the sample slided past each other and
the kink-band widened and accumulated more damage.
Khan et al [49] studied the compressive failure behaviour of plain woven glass-polyester laminates,
under quasi-static and dynamic loading. Delamination was identified as the main failure mechanism.
Additionally, a chain of micro-delaminations propagated along an angle to the loading direction, with
tow fractures occurring at various interlacing junctions, Fig. 2.25.
Figure 2.25: Failure morphology of plain woven woven glass-polyester specimens under compression,
the loading axis is horizontal [49].
2.2.3 Shear
A significant amount of literature on the shear failure of woven composites focuses on the applicability
of diﬀerent shear test methods to textile composites, e.g. [50]. The most commonly used shear tests are
the Iosipescu and ±45º tensile tests. Both tests have advantages and disadvantages, a comprehensive
discussion of the applicability of either methods on the study of woven composites can be found in [51].
The ±45º tensile test induces a biaxial stress state that will influence microstresses and consequently
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the failure onset and propagation; additionally, it is highly sensitive to edge eﬀects. On the other hand,
the failure initiation in the Iosipescu test tends to occur outside specimen gage sections, on the notch
faces of the specimens, due to out of plane shear and tension stresses present in these areas.
Regarding the description and characterization of the failure mechanisms, the work from Karyaka
et al [36] is worth highlighting. The latter studied the shear response of 5H satin carbon-epoxy compos-
ites through ±45º tensile loading. Failure of the specimens was seen to involve damage accumulation
in the matrix, followed by tow failure and delamination. Microscopic observations found a network of
matrix microcracks running along the fibre direction. These microcracks propagated according to two
patterns: on facing plies with fibres running in diﬀerent directions, the transverse crack stopped at
the delaminated surface; on facing plies fibres with the same fibre direction, microcracks transversely
propagated through the individual laminates and delaminated interfaces, indicating delamination oc-
curred during later stages of failure. Delamination of the plies started at the free edge and propagated
as a band along the weave direction.
Zhou et al [52] used the ±45º tensile test to characterize the in-plane shear behaviour of thick
glass/polyester woven composites (weave type was not referred). Matrix yielding, caused by the
’scissoring’ action of the fibres, was identified as the main cause of the nonlinear shape of the stress-
strain curve, added at a later stage of loading, by the straightening of the crimped fibres. Searles et
al [53] and Odegard et al [54, 55] studied the behaviour of 8H satin graphite-polyimide composite,
subjected to shear-dominated biaxial loads at room and high temperatures. The nonlinear behaviour
was attributed to matrix plasticity and intra-ply cracking. Either single or multiple inter-laminar
delaminations were observed. These tended to develop with increased loading and up to failure, Fig.
2.26. Close to the maximum shear stress, large areas of inter-laminar delaminations were observed.
After unloading, the specimens experienced significant bulging in the sections where damages zones
were located, Fig. 2.27. These propagated at 45º angles with respect to the loading direction in almost
all specimens.
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(a) (b)
Figure 2.26: Damage initiation and progression (a) tow microcracking (b) damage at maximum load
[51].
Figure 2.27: Slide view of a tested oﬀ-axis tensile graphite/polyimide specimen showing the inter-
laminar damage and the specimen bulging [54].
Kawai et al [56], in their study of oﬀ-axis fatigue behaviour of plain weave carbon/epoxy fabric at
room and high temperatures, performed a series of oﬀ-axis static tests. At room temperature, for the
fibre orientations of 15º, 30º and 45º, the failure surface was essentially parallel to the tows oriented
at a smaller angle with the loading axis, Fig. 2.28a. The fracture surface of the 15º oﬀ-axis specimen
showed a mixture between on-axis (fracture surface perpendicular to the loading) and oﬀ-axis fracture
surface morphologies, indicating a transition from fibre-dominated to matrix-dominated failure, Fig.
2.28a. Delamination and pullout of fibers in the vicinity of fracture surface were not significant,
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regardless of the fibre orientations. At 100ºC, the fracture surface morphologies changed significantly,
with extensive delamination, pullout and necking being observed, Fig. 2.28b. The diﬀerences were
attributed to a decrease in the matrix strength with the increase in temperature.
(a) Room temperature
(b) 100º C
Figure 2.28: Specimens fractured at room temperature and 100º C [56].
2.2.4 Summary
Tension
The damage mechanisms of 2D woven laminates under tensile loading can be broadly grouped in:
transverse cracking of the transverse tows, intra- and inter-ply delamination, and tensile failure of the
fibres. It is generally accepted that damage initiates with the transverse cracking of the transverse
tows. With further loading, the number and size of the transverse cracks increases and intra-ply and
inter-ply delaminations occur. However, diﬀerent damage sequences can be found in the literature.
Moreover, the predominance of the damage mechanisms might vary with weave geometry (e.g. crimp
ratio), stacking, layup (e.g surface domination) and constituents materials. In general, transverse
cracking and delamination are responsible for the knee-behaviour (decrease in stiﬀness) that occurs
before ultimate failure. However, not always do these damage mechanisms manifest by decreasing the
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composite stiﬀness. In fact, some woven composites can show a slight increase in stiﬀness, attributed
to the straightening of the longitudinal tows, and/or to the stiﬀening of the carbon fibres. Final failure
is governed by the failure of the longitudinal tows, caused by the tensile failure of the individual fibres.
Compression
The detailed study of the compressive failure mechanisms in woven composites is hindered by: (i)
the typically sudden nature of compressive failure, and (ii) the need to understand the eﬀect of the
reinforcement geometry on the failure process. Therefore, most of the literature highlights the final
failure morphology rather than the nature and development of the failure process. From the avail-
able literature, it is possible to conclude that kink-band formation, as well as intra- and inter-ply
delamination, are the main compressive failure mechanisms of orthogonal 2D woven composites. Final
failure results from the interaction of these mechanisms which in turn are determined by variables
such as reinforcement architecture, loading rate, confinement and mechanical properties of the resin.
The latter have a decisive influence on the predominance of the diﬀerent mechanisms. In general,
brittle resins favour delamination while tougher resins tend to induce kink-band formation and overall
shear failure. In addition, high loading rate and confinement induces kink band dominated failure.
Albeit the main compressive failure mechanisms have been identified, failure initiation has not been
subject to widespread and detailed study. Kinking of the load-aligned tows has been reported as the
predominant damage initiation mechanism controlling the failure process. The importance of the re-
inforcement architecture in the failure process has also been identified. However, its explicit eﬀect has
not been investigated. Stacking configuration (nesting) was found to be one of the most important
variables aﬀecting the ultimate strength. Nevertheless, its eﬀect on the damage mechanisms has not
been researched.
Shear
The main failure mechanisms of orthogonal 2D woven composites under shear loading are: intra and
inter-laminar delamination, yielding of the matrix, transverse tows cracking and fibre failure. The
shear stress-strain curve is characterized by a strong non-linear behaviour, which starts occurring at
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relatively small strains, and is caused essentially by the yielding of the matrix, intra and inter-ply
delamination and transverse tows cracking. These can be attributed to the ’scissoring’ action of the
fibres, and at a later stage of loading, by the straightening of the crimped fibres. Although it is
expected that constituent materials and reinforcement architecture will dictate the balance between
the diﬀerent mechanisms, only the dependency of the former was explicitly studied. A matrix with
lower strength was shown to contribute to the increase in fibre pull-out and necking near the fracture
surface.
2.3 Failure modelling
2.3.1 Analytical Modelling
In the present section, the analytical methods are classified according to the level at which they are
applied. At the macro-level, no distinction is made between reinforcement and resin. The composite
lamina or laminate is seen as an orthotropic material, defined by its homogenized properties. At the
meso-level, the geometry of the reinforcement is accounted for and the properties of reinforcement and
resin are considered separately.
2.3.1.1 Macro-scale
Few works can be found in literature referring failure models applied at the macro-scale, specifically
developed for textile composites. Hochard et al [57] predicted the failure of a woven composite laminate
in tension, using a damage mechanics based model. The progressive damage is described by a variable,
whose development is dependent on the shear load and the in-plane tension. Two tensile tests are
needed to completely define the model for a given material. Results shown good agreement with
experiments for diﬀerent laminates of the 4H satin carbon-fibre used. Daniel et al [58] proposed
a failure criteria, based on the maximum strain criteria, to predict the through-thickness failure of
woven composites in both compression and tension. Its performance shown good agreement with the
experiments. In-plane tensile failure testing was performed and results compared with predictions
made using the Tsai-hill criteria, showing moderate agreement.
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(a)
(b)
Figure 2.29: (a) mosaic and (b) fibre undulation model [59]
2.3.1.2 Meso-scale
Following an extensive research, Ishikawa and Chou [59] presented three analytical models, of increasing
complexity, to predict the stiﬀness and strength of woven composites: the mosaic model, the fibre
undulation model and the bridging model. The classical lamination theory was the basic analytical
tool used. The mosaic model is one of the most simplistic analytical models. The woven composite was
idealized as an assemblage of asymmetrical cross ply laminates, Fig. 2.29a. Considering iso-stress and
iso-strain assumptions, upper and lower bounds of elastic moduli were derived. The fibre undulation
model, Fig. 2.29b, was developed to account for fibre continuity and undulation in a plain weave.
Combining the fibre undulation model with a maximum strain criterion to predict failure of threads
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transverse to the applied load and a reduced stiﬀness damage model [59], they were able to predict
the knee behaviour observed in some experiments. The fibre undulation model provides the basis for
the bridging model. This was proposed to overcome the shortfalls of the fibre undulation model for
the case of satin weaves, where extensive non-interlacing regions might be present. In the bridging
model the UC is defined as a hexagonal shape and then transformed in an equivalent square, Fig. 2.30.
The latter is then divided in 5 regions (A, B, C, D, E). The ones consisting of straight fill threads
(A, B, D, E) are regarded as pieces of cross-ply laminate while region C has is analyzed through
the fibre undulation model. Due to the tow undulation, region C has lower stiﬀness than regions B
and D carrying a lower load. These regions, carrying higher loads act has bridges for load transfer
between regions A and E. The models apply only to non-hybrid balanced weaves. Having the classical
laminated plate theory as the basis of each model, out-of-plane properties are not predicted. The
undulation is taken into account in the loading direction only. Also the possible gap between adjacent
tows and the real cross section of the tow are neglected. Later, the same authors [60] combined the
predictions of transverse cracking developed in [59] with the material nonlinear theory of Hahn and
Tsai (developed to predict the behaviour of UD composites [61]) to capture the nonlinear behaviour
of woven composites under tension. Fair agreement between experimental and analytical results was
achieved for the loading considered.
A similar model was proposed by Dow et al [62]. A linear undulation path for the fill and warp
tows was assumed, based on observed photomicrographs. Constituent fibre and matrix stresses were
obtained from local tow stresses which were calculated using an iso-strain assumption. Failure was
predicted based on the average stresses in the fibres and matrix. To account for damage progression,
the damage on the matrix was considered not critical, and a reduced stiﬀness damage model was
implemented. After matrix failure was detected, the matrix properties for the tow being analyzed
were reduced and the analysis continued until fibre failure occurred. Ultimate failure was considered
to occur after fibre axial failure or sudden increase in strain levels due to stiﬀness reductions as a
result of large numbers of transverse and shear failures. The model shown moderate agreement with
experiments.
Continuing the work of Ishikawa and Chou, N. Naik and Shembekar [30, 63, 64] developed a
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Figure 2.30: Bridging model [59].
model that accounted for: the undulation of fibres in both weft and warp direction, the presence
of a possible gap, the real cross-section of the tows and the possibility of unbalanced weaves. This
model was primarily developed to predict the elastic properties of 2D woven composites. A further
development proposed by Naik and Ganesh [31] included the prediction of failure for plain weave
composites under on-axis tensile loading. Material nonlinearity was considered using the Hahn and
Tsai nonlinear theory. Failure of the warp tow elements was determined using a Tsai-Wu failure criteria,
while maximum strain and stress criteria were used to predict the failure in the weft tows and pure
matrix, respectively. Intermediate failure stages were considered, such as: weft tow transverse failure,
warp tow shear transverse failure and pure matrix block failure. A reduced stiﬀness damage model
was implemented to account for the progressive damage; the final failure of the UC was assumed to
occur when longitudinal failure of the warp tows was detected.
Karayaka et al [36] proposed a micromechanistic deformation model. The representative UC was
homogenized as a combination of unidirectional and interlaced regions, that consisted of flat matrix
pockets as well as in-plane and interlaced flat tow regions, Fig. 2.31. The model provided predictions
for internal stresses in the longitudinal, transverse and interlaced regions. Although these correlated
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well with the initial failure mechanisms observed in the experiments, the modelling of the damage
initiation and development was not attempted.
Figure 2.31: Micromechanistic model of [36].
A micromechanics analysis tool, TexCad, was developed by R. Naik [65] to predict the overall
three-dimensional thermal and mechanical properties, damage initiation, progression and strength of
woven fabric composites. For each tow within the UC, the tow centre-line path was modelled assuming
a sinusoidal shape with a lenticular shaped cross-section. The eﬀective stiﬀnesses of the composite were
computed by discretizing each tow in the UC into tow slices and using the material properties, spatial
orientation, and volume fraction of each tow slice in a volume averaging technique that assumed an iso-
strain state within the UC. The eﬀects of tow bending and straightening/wrinkling were accounted for
by a curved beam on elastic foundation model. Fibre dominated failure of the impregnated tow slices
was predicted using a maximum strain criterion for both tension and compression. Matrix dominated
failure within the tow slices was predicted using a maximum stress criteria. Pure matrix failure was
predicted using a maximum principal stress criterion in the absence of applied shear stresses, or a
maximum octahedral shear stress criterion if shear stresses were present. Strength was predicted
through an incremental approach in which the reduced stiﬀness damage model used by Blackketter
et al [66], see Section 2.3.2, was adopted to account for the progressive damage. The composite was
assumed to fail when: (i) axial tow failure was detected anywhere in the UC (ii) all tow slices failed in
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the same failure mode and failure was detected in the pure matrix slice. Overall the analytical results
shown fair agreement with the tests performed.
Ito and Chou [27] developed a 2D geometrical model that accounted for layer nesting of plain
weave composites. Through an iso-strain approach, the elastic properties, stress distributions and
strengths for diﬀerent laminate stacking configurations were determined. The ultimate strengths were
calculated applying the maximum stress theory. Their study focused on the influence of laminate
stacking and tow weaving on the elastic properties and ultimate strength. Fair agreement was found
with the experiments. Progressive damage although qualitatively predicted and compared with the
experimental results, was not quantitatively accounted for.
Vandeurzen et al [67? ] used a three dimensional, multi-level, micromechanical analysis to deter-
mine the homogenized elastic properties of woven composites. A library of 108 rectangular macro-cells
was developed to describe any UC of a general 2-D weave geometry. Each macro-cell was in turn di-
vided in a number of micro-cells where it was assumed that the tow followed a straight path. The micro
cells were further divided in matrix layer and impregnated tow layer and finally each impregnated tow
treated as an unidirectional lamina with matrix and fibre phases. To determine the elastic properties,
the complementary variational principle was used in an homogenization process, departing from the
lower discretization level, to determine the overall elastic properties. Using the computed microstress
fields [68], Vandeurzen et al extended the method to predict failure [69]. The failure criteria chosen for
the isotropic matrix material was the paraboloid failure locus applied on the principle stresses. For the
tows a maximum stress criterion was used, assuming that the five strength parameters could be esti-
mated from the unidirectional composite strengths. Progressive damage was accounted for through an
incremental approach, using the Blacketter reduced stiﬀness damage model [66]. Catastrophic failure
was assumed when, in the new load increment, a large displacement or stress fall was registered.
Gao et al [70], used a mosaic model, combined with an adapted shear lag formulation to model
the eﬀects of damage accumulation on the Young’s modulus, Poisson’s ratio and residual strain. The
analytical results were compared with experimental results obtained using a 8H satin woven composite
with two, four and six-layers. The model accounted for delamination presence, but not for delamination
growth, assuming delaminations appeared fully formed. The results obtained suggested the need for
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Figure 2.32: Schematic of the sinusoidal beam model [71].
further refinements.
Tan et al [71] proposed a sinusoidal beam model to predict the failure strength of plain weave
composites. The warp tow was considered to be a sinusoidal beam subject to an external load Px at
each end, and supported by an elastic foundation, Fig. 2.32. The elastic foundation was introduced
to model the supporting eﬀect of the matrix. The weft tow was not considered. The model was
used to assess the failure strength of plain weave composites under tensile loading and investigate the
eﬀects of geometrical parameters on the properties of plain weave composites. The failure strength
obtained through the model developed overestimated the actual failure strength. The authors devised
as a probable cause, an incorrect fibre volume assessment. Also using a beam on elastic foundation
approach, but with a diﬀerent formulation, Naik et al [72] developed an analytical model to predict
the compressive behaviour of plain weave carbon-epoxy composite. Contributions of warp, weft and
pure matrix regions were considered. During compressive loading, the load sharing between structural
elements was worked out and the stress state throughout the composite determined. An adapted re-
duced stiﬀness damage model was applied to account for progressive damage. Results shown moderate
agreement with experiments.
2.3.2 Numerical Modelling
Diﬀerent strategies can be found in literature to obtain numerical models for woven composites, e.g.
[73, 74]. The present review focuses on numerical models that have been used to predict damage
initiation/failure.
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One of the first attempts to numerically model damage initiation and propagation in 2D woven
composites using a 3D Finite Element Model (FEM) of a UC was performed by Dasgupta et al [75].
The pure matrix regions were modelled using a nonlinear constitutive law and the tow regions were
assumed to remain linear until failure. A fully three dimensional Tsai-Hill failure criterion was included,
to predict failure in both transverse and longitudinal tows. Post failure stiﬀnesses were reduced to zero
in the failed elements. Performing a nonlinear analysis with incremental tensile loading, the authors
were able to predict the knee behaviour. Despite capturing the bi-linear stress-strain curve shape, the
numerical results for the knee stress and strain were lower than the experimental. A wrong selection
of the ultimate strength values of the tows was suggested as a possible cause for the discrepancy.
Approximately at the same time Blackketter et al [66] predicted damage initiation and ultimate
failure of a plain weave using a 3D FEM of a UC. The height to width ratio of the tows was measured
using photo-micrographs. The tows were modelled as an unidirectional composite material, with
constant elliptical shaped cross-section. An invariant flow based rule was used to account for their
inelastic behaviour. The tows perfectly conformed to each other at all intersection locations, forming
a continuous contact surface. The irregular shape was then filled with matrix material modelled as an
isotropic material. At each integration point failure was determined comparing the current stress state
with a specific failure criterion. For the matrix, a maximum normal stress criteria was used. If the
maximum stress exceeded strength, the Young’s modulus of the material was reduced to 1% of its initial
value at that particular integration point, and the shear modulus to 20%, under the assumption that
shear stiﬀness remained due to friction. For the tows, stresses were calculated and compared with the
material ultimate strengths in the material coordinate system. If failure was detected in any material
plane, the appropriate mechanical properties were reduced: the Young’s moduli to 1% and the shear
moduli to 20% of their initial value. The solution was obtained by incremental application of loads or
displacements. The results obtained were compared with tensile and shear stress-strain experimental
results. The ultimate tensile strength was over predicted. The author suggested this discrepancy was
due to an early transverse tow failure, captured by the model but not detected experimentally, and
to the fact that the model did not account for the statistic variability of the fibres’ strength. The
shear-stress curve computed compared well with the obtained experimentally, both in the linear and
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in the nonlinear regime. Bearing in mind the material laws used, this good agreement lead the authors
to conclude the nonlinearity in the shear stress-strain behaviour was mainly due to damage within the
composite tows, rather then from plastic deformation of the epoxy matrix. No detailed analysis of the
load redistribution within the composite during the loading process nor indication of the sensitivity
of the predictions to mesh refinement or other approximations was given. To overcome this gap,
Whitcomb et al [76] studied the influence of mesh refinement, quadrature order, and tow waviness
in the progressive failure of plain woven composites under uniaxial tension. Three diﬀerent stiﬀness
reduction methods, including the one use by Blackketter, were analyzed. The results were strongly
sensitive to all the above mentioned variables, leading the authors to conclude that the decisions made
when assembling the finite element model were crucial to provide accurate results.
Kollegal and Sridharan [77] published one of the few numerical studies on the compressive behaviour
of woven composites. Using a 3D FEM of a plain weave UC, they determined the stress and strain
distributions, correlating them with diﬀerent damage mechanisms, and analyzed the influence of the
matrix nonlinearity on the compressive behaviour. The diﬀerent damage modes within the tows, were
detected through a three dimensional form of the Tsai-Hill failure criteria. Damage progression was
not considered and the diﬀerent failure processes were assumed to be independent. Later the same
authors published an extension of this study [78] where damage progression was accounted for and
besides compression also shear and tension were simulated. The nonlinear behaviour of the pure matrix
regions was modelled using a Ramber-Osgood constitutive law. To account for damage within the tows
they used a micromechanical approach, considering the tow constituents, matrix and fibre. Damage
progression was simulated through a stiﬀness reduction scheme and failure evaluated at each gaussian
point comparing the stress components obtained with the ultimate strengths of the constituents in
the material frame. Once failure was detected in a given material direction, the material stiﬀness was
reduced in that direction to a small non-zero value. Compressive failure due to tow micro-buckling was
detected using the formula suggested by [79]. The axial tension and shear stress-strain curves obtained
were compared with experimental results, showing good agreement, particularly the former. The axial
compression-strain curve was also determined, but was not compared with experimental results.
Hamelin et al [80] presented an alternative numerical procedure to determine the elastic properties
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and predict failure of textile reinforced composite materials. First a computer aided design software was
used to divide the textile architecture into basic volumes, with diﬀerent scales: micro, intermediate
and macro. Afterward, using the minimum complementary energy principle, they determined the
elastic properties and estimated internal stresses on the diﬀerent scales. Failure was detected using a
maximum stress failure criteria applied in the material frame. To account for damage progression, the
authors used a selective reduced stiﬀness method. In this method rows and columns of the element
stiﬀness matrix are set to zero according to the stress allowable that is exceeded. The failure study of
3D braided composites under uniaxial tension was performed. Although the results obtained for the
elastic properties were very accurate, the failure prediction compared poorly with the experiments.
Guagliano et al [40] used 3D FEM to study the influence of the tow curvature, stacking sequence
and number of layers in the tensile response of plain weave composites up to failure. An elasto-
plastic behaviour with power-law hardening was used for the matrix regions. The failure detection
and damage modelling of the tows was performed as in [66]. Numerical and experimental results
shown fair agreement with the experiments, namely the stress-strain curve. The authors highlighted
the importance of mesh refinement, boundary conditions and damage modelling strategies in the
numerical results obtained.
Whitcomb et al [81] studied the eﬀect of the woven architecture on the active damage mechanisms
and on the failure behaviour. Additionally, they also analyzed the sensitivity of the predicted progres-
sive failure to the geometric nonlinearity and the property degradation model. The matrix and tows
were modelled as elastic materials with isotropic and transversely isotropic properties, respectively.
Failure was detected using a maximum stress criteria in the materials frame, and accounted for using
two modified versions of the damage model used in [66]. In the first the stiﬀness degradation fac-
tors were modified based on the micromechanics analysis of non-woven laminates containing discretely
modelled transverse matrix cracks. In the second, in addition to the modification above mentioned, if
the normal stress component σii was compressive the correspondent stiﬀness term was not degraded,
to account for crack closure during compression. Whitcomb and collaborators reported the two degra-
dation models presented significant diﬀerences for high waviness architectures and similar results for
the low waviness cases. Architectures with large waviness shown a complex behaviour, strongly de-
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pendent on the assumed degradation model. Results also shown a strong eﬀect of the weave pattern
on the predicted progressive failure behaviour. On the other hand, the geometric nonlinearity eﬀect
was noticeable only when coupled with damage progression.
Zako et al [82] proposed a damage progression model with added physical significance, distinguishing
between the diﬀerent tow and matrix damage modes, Fig. 2.33. Damage progression was modelled
using the Murakami-Ohno formulation. A previous utilization of this method in the analysis of woven
composites was done in [83].
Figure 2.33: Anisotropic damage model for the fibre bundles and isotropic damage model for the
matrix, [82].
The factors Di of the Murakami’s damage tensor represent an eﬀective area reduction caused by
cracks and voids, changing from 0 at initial undamaged state to 0.99 at full damage state when the
occurrence of damage is detected. The equivalent stiﬀness matrix was determined, relating the damage
tensor and the undamaged stiﬀness matrix. Hoﬀman’s failure criteria was used to detect damage. Once
damage was detected it was necessary to determine the active damage mode. This was done evaluating
the stress to strength ratios, and assuming the active damage mode was the correspondent to the
maximum of these, Fig. 2.33. Once the failure mode was determined, the constitutive components of
the damaged elements were reduced according to the formulation therein derived. A 3D FEM of a plain
weave UC was used in the simulation, Fig. 2.34. Numerical and experimental results obtained for the
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tension case were compared. Fair agreement was shown between the predictions and the experimental
findings for the stiﬀness degradation as a function of strain. The numerical stress-strain curve was
determined but not compared with experimental results.
Figure 2.34: Damage development in a plain weave lamina, under on axis tensile load [82].
Carvelli et al [84] used a similar damage progression model to the one used in [82], however, coupled
with a diﬀerent failure criteria. Failure in the tows and in the matrix were detected using Tsai-Hill and
von Mises failure criteria respectively. A 3D FEM of a plain weave was built and the results obtained
for the tension case were compared with experiments. The ultimate strength prediction shown good
agreement, however the ultimate strain was underestimated.
Nicoletto et al [42] studied the correlation between the damage modes and propagation predicted
with a 3D FEM of a twill weave UC, and the experimental findings. The influence of the tow undulation
in the ultimate strength was also studied. Tows were modelled as linear elastic transversely isotropic
materials. The matrix was considered to have a linear elastic behaviour with isotropic properties.
Damage detection and development was modelled as in [66]. The undulation was found to decrease
the ultimate strength in accordance with the experimental data found throughout literature. Good
CHAPTER 2. FAILURE MODELLING OF 2D WOVEN COMPOSITES: STATE
OF THE ART 43
qualitative agreement was reported between the damage modes observed in the simulation and the
experimental observations. Stiﬀness reduction due to damage was also accurately predicted, however
the stress strain curves obtained compared poorly with the experiments. Additionally, the authors
highlighted the importance of numerical variables in the results, such as time-step and mesh.
Karkkainen et al [85] proposed a direct micromechanics approach to analyze the failure initiation
of plain weave textile composites. Commonly, it is assumed that the Representative Volume Element
(RVE) is subjected to uniform stress or strain. In their work, Karkainen and colleagues proposed a
formulation in terms of classical laminate theory that allowed for the accommodation of stress gradients
or non-uniform loads within the RVE. The 3D FEM of the RVE was used as a “virtual laboratory”
to determine the linear transformations between: (i) the applied macro forces and moments and the
macro strains and curvatures, and (ii) the macro strains and curvatures and each finite element stress.
Assuming the linearity of this transformations up to failure, they were able to draw a failure initiation
envelope. Failure of the tow and matrix elements was detected using the Tsai-Hill and the maximum
stress failure criteria respectively. No damage modelling was included. The authors reported that
the presence of the moments (that could be resultant of non-uniform stresses across the RVE) had
significant influence on the failure envelope, concluding that this eﬀect, not covered in conventional
failure models, might be of significant relevance.
Key et al [86] used MultiContinuum Theory (MCT) combined with two diﬀerent progressive damage
models to predict failure in plain weave composites. The MCT relies on the premise that a continuum
point is composed of separate but linked continua comprised of the individual constituents. Using
this assumption the authors derive phase averaged constituent stress and strain fields, allowing the
determination at the microlevel of stresses and strains. Assuming the transformations derived remain
linear up to failure, the micro stress fields can be determined without needing to use computationally
heavy micromodels, oﬀering an alternative between the standard large scale homogenized analysis
and the detailed macro/micro approaches. Key and colleagues evaluated the use of MCT with two
diﬀerent progressive damage models. The first used a stress based failure criterion and an instantaneous
material property degradation model. The second considered continuous material property degradation
supported by the kinetic theory of fracture. The results obtained using the two diﬀerent property
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degradations methods were compared with experimental results. Uniaxial tension and shear loading
were considered. In tension, results obtained using the two diﬀerent property degradation methods
shown fair agreement with experiments. However, in shear, the results obtained with the continuous
material property degradation method were significantly better.
Kurashiki et al [87], studied the eﬀect of the change in shape of the fibre bundles, on the damage
propagation under tensile loading of a plain weave laminate. Element failure was determined by the
Hoﬀman’s criterion. The shape of the tows was seen aﬀect damage propagation. No comparison was
made with actual experimental findings.
2.3.3 Boundary Conditions
The use of meso-scale models requires a definition of the loads applied at the constituents. Diﬀerent
approaches are reported in literature. Having into account the inherent periodicity of the internal
reinforcement of woven composites, it is generally accepted that Periodic Boundary Conditions (PBCs)
lead to the best results, both in terms of prediction of homogenized properties and local stresses, [29].
PBCs are applied not only in the mechanical analysis of periodic structures, but also to other types
quasi-periodic structures through the definition of representative regions, e.g. [88–91]. In periodic
structures, the UC is used as the representative region, and the analysis is performed by applying
periodic displacement boundary conditions.
One of the challenges of modelling woven composites, numerically and analytical, is the complexity
of the UCs found in practice. The latter often leads to unpractical modelling and analysis times. This
complexity can be greatly reduced by reducing the size of the domains being analyzed. The latter
is generally possible if symmetries within the UCs are adequately exploited. A comprehensive study
on the determination of reduced Unit Cells (rUCs) for UD and particle reinforced composites was
performed by Li et al [92–94]. Diﬀerent rUCs, loading cases and correspondent boundary conditions
were determined and presented in detail. Applied to textile composites, Tang et al [6] suggested a
general framework for determining rUCs. However, the practical complexity of the proposed approach
hinders its widespread application. The framework proposed requires the distinction of two diﬀerent
cases of equivalence between subcells: (i) equivalence is obtained by a symmetry operation or a trans-
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lation, and (ii) equivalence is obtained by the combination of a symmetry operation and a translation.
Additionally, a vector of constants, tabulated for diﬀerent cases, needs to be considered when applying
the boundary conditions.
2.3.4 Summary
2.3.4.1 Analytical Modelling
Analytical models to predict failure of 2D woven composites can be broadly divided into meso- and
macro-scale models. In macro-scale models, no distinction is made between reinforcement and regions
of pure matrix. The composite lamina or laminate is regarded as an orthotropic material, defined by
its homogenized properties. In meso-scale models, reinforcement and matrix are distinguished, and
their geometry and properties considered independently.
Macro-scale models have as main advantages their simplicity, and capability to be adapted to
diﬀerent reinforcements geometries and types, provided the mechanical tests that define them are
performed. The main disadvantage is that, since the reinforcement is not modelled, the actual damage
mechanisms are not captured leading to an arguable lack of physical representativeness. Additionally,
any change on the reinforcement geometry requires new mechanical tests.
Meso-scale models, represent the geometry of the internal reinforcement. To do so, various ap-
proaches have been proposed, with diﬀerent degrees of complexity. In general, they are able to provide
insight on the stress and strain fields within the reinforcement. Knowing the strains and stresses within
tows and matrix (or their equivalent), failure prediction is normally made using a failure criteria ap-
plied at the constituent level, i.e to tows and matrix, sometimes coupled with a progressive damage
approach. Tows are regarded as an UD composite, and the matrix as an isotropic material. In this
approach the eﬀect of the internal reinforcement on the damage mechanisms and failure is explicitly
determined. However, the detailed modelling often leads to a complex formulation and narrower range
of application, (e.g only plain weave, only satin).
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2.3.4.2 Numerical Modelling
Numerical methods have been extensively used to study the mechanical properties and failure of woven
composites. The majority of the works found in literature uses the finite element method, although
other approaches can also be found. Typically, the finite element model of a representative region,
UC, is made at the meso-scale, distinguishing between tows and matrix. Failure is modelled through
a non-linear analysis that couples damage initiation and propagation with failure criteria applied at
the constituent level, i.e. matrix and tows. Results are reported strongly dependent on the mesh used
and on the choice of the damage models and failure criteria.
One of the main advantages of numerical modelling is the possibility of obtaining an accurate and
complete stress-strain field distribution. Another great advantage is its flexibility: any weave with
any reinforcement can be modelled. However, the traditionally complex textile architectures, coupled
with the additional requirements imposed by the correct application of periodic boundary conditions,
and the use of nonlinear analysis, can make the numerical failure analysis of textile composites at the
meso-scale very time consuming.
2.4 Discussion
2.4.1 Failure mechanisms
In tension, the failure mechanisms and their sequence is well characterized for a number of diﬀerent
materials. Weave architecture, stacking, layup and properties of the constituents are seen to aﬀect the
sequence and predominance of the diﬀerent damage mechanisms. The eﬀect of the damage mechanisms
on the constitutive response and strength is seen to vary. Concerning compressive failure, the main
damage mechanisms have been identified. However, the sequence of events leading to failure has not
been thoroughly addressed. Additionally, albeit variables such as stacking and weave architecture are
reported to significantly aﬀect strength, their eﬀect the diﬀerent damage mechanisms has not been
characterized. Such understanding is crucial to improve the modelling, and is particularly relevant in
compression, given the sudden and catastrophic nature of the compressive failure. Similarly, also in
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shear the main damage mechanisms have been identified. Overall, the shear response is characterized
by a strong non-linear behaviour which is a consequence of the interaction between diﬀerent, non-
catastrophic, damage mechanisms. However, the eﬀect of variables such as weave architecture, and
constituent properties on the damage mechanisms and failure has not yet been subject of widespread
study.
2.4.2 Failure modelling
The analytical models reviewed can be classified in macro and meso-scale models. Macro-scale models
have as main advantage their simplicity and as main drawback their lack of physical-representativeness.
Meso-scale models, explicitly represent the geometry of the reinforcement and are therefore capable
of capturing the eﬀect of the internal reinforcement on the damage mechanisms. Several approaches
with diﬀerent degrees of complexity have been proposed. Failure prediction is normally made using a
failure criteria applied at the constituent level, sometimes coupled with a progressive damage scheme.
Numerical models have been extensively used to model failure of woven composites. The most
common approach is the development of a finite element model at the meso-scale (reinforcement level)
of a representative region. Failure is generally modelled through a non-linear analysis, coupling a
damage propagation scheme with a failure criteria applied at the constituent level. The choice of
a physical-based meaningful damage progression scheme and failure criteria is, however, not trivial.
Results are seen to be strongly aﬀected by these choices and also by the boundary conditions and
the FE meshes used. Additionally, their development and analysis is in general very time-consuming,
particularly if detailed meshes are used and the non-linear response of the constituents modelled.
Nevertheless these models provide an invaluable qualitative and quantitative insight on the mechanical
response of the composites at the reinforcement level.
Finally, it is worth highlighting that virtually no studies have combined synergistically the infor-
mation gathered through numerical and analytical models.
Chapter 3
An experimental study of failure
initiation and propagation in 2D
woven composites under compression
3.1 Introduction
The ability to accurately predict and model the mechanical and structural response of composite
materials is essential to optimise their use, to reduce the number of experiments needed to validate
new designs/materials, and to support the development of improved materials. In the last decades, the
response of unidirectional (UD) composites under diﬀerent loadings and their failure mechanisms have
been studied by numerous authors. Although good agreement can be found concerning the description
of the failure mechanisms, their full understanding and accurate modelling are not yet accomplished
[95]. The variability of woven composites, inherent to their reinforcement architecture, promotes the
interaction between diﬀerent micro-mechanical failure mechanisms, increasing the diﬃculty of their
failure study. Therefore, insightful experimental research is fundamental to support the development
of tools eﬀectively capable of predicting and modelling failure [3].
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The detailed study of the compressive failure mechanisms in woven composites is hindered by:
(i) the typically sudden nature of compressive failure, and (ii) the need to understand the eﬀect of
the reinforcement geometry on the failure process. Therefore, it is not surprising that most of the
literature highlights the final failure morphology rather than the nature and development of the failure
process. From the available literature, it is possible to conclude that kink-band formation, as well as
intra-ply and inter-ply delamination, are the main compressive failure mechanisms of orthogonal 2D
woven composites [36, 38, 44]. Although the main compressive failure mechanisms have been identified,
failure initiation has not been subject to widespread and detailed study. An exception is the work
from Reifsnider and Mirzadeh [45] on the damage initiation and failure in compression of a 8H satin
carbon-polyimide material system. Compression tests were stopped before final failure, and the edges
of the specimens observed. The test procedure was successful in identifying kinking of the load-aligned
tows as the predominant damage mechanism controlling the failure process. The authors also tested
notched specimens. In the latter, failure initiated at the surface of the specimens at the notch and also
at the crimp regions of the tows close to the notch. These findings highlight the importance of the
reinforcement architecture in the failure process. However, the latter was not explicitly investigated.
Breiling and Adams [26], studying the compressive failure of a 5H satin carbon-epoxy, concluded
that varying the stacking configuration (i.e. the relative position of peaks and valleys of adjacent mats
with the same orientation), could lead to a reduction of up to 32% on the ultimate strength. However, a
relation between the failure mechanisms and the diﬀerent stacking configurations was not established.
Understanding the eﬀect of stacking and consequent nesting in the failure process is essential to develop
meso-scale models (analytical or numerical) that capture the physics of the failure process.
This work presents a detailed analysis of the compressive failure process of orthogonal 2D woven
composites. The aim is to gather insight on the failure mechanisms and investigate the eﬀect of the
reinforcement architecture on the failure process. Section 3.2 provides details on the material systems
used, 2× 2 twill and 5H satin, and their manufacture process. Additionally, it also describes the two
test setups used: Four Point Bending (FPB) and reduced Compact Compression (rCC). The FPB test
setup was used to explicitly study the eﬀect of the weave architecture on the failure initiation sequence
and morphology under compression. The rCC test setup was used to characterise the compressive
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damage propagation in general, and in particular the eﬀect of stacking on the failure mechanisms. In
Section 3.3.1, the results obtained with the FPB test setup are presented. Digital (DI) and Scanning
Electron Microscope (SEM) images of failed specimens with diﬀerent weave architectures are compared.
Section 3.3.2 shows the results obtained with the rCC test setup. Optical micrographs are presented
comparing the damage morphology obtained for the diﬀerent weaves and stacking configurations.
Section 3.4 provides a discussion of the results obtained and Section 3.5 presents the main conclusions
from the work developed.
3.2 Experiments
Two diﬀerent experimental setups were used: Four Point Bending (FPB) and reduced Compact Com-
pression (rCC) [96]. The FPB setup was used to study the damage initiation mechanisms and their
relation with the weave architecture/geometry. The rCC setup was used to study and characterise
the damage propagation mechanisms and investigate how are they aﬀected by stacking and weave
architecture.
3.2.1 Material Systems
Two balanced 2D woven carbon-epoxy prepregs with diﬀerent weave architectures were used. The
diﬀerences between the weave architectures of the two materials are highlighted in Table 3.1, where
their idealized Unit Cells (UCs) are shown. In the present work, the geometry of the reinforcement
constituents after curing, such as the shape of the cross-section of the tows and the distance between
tows, is referred to as “weave geometry”. The statistical characterisation of the weave geometry of the
two materials can also be found in Table 3.1. Thirty measurements of each dimension were made on
micrographs obtained from samples of cured material, illustrated in Table 3.1. Concerning the weave
geometry, the main diﬀerence between the two weaves is the size of the gap (g) between adjacent tows.
The latter is larger in the twill than in the satin. Indeed, adjacent tows in the satin weave are partially
superposed (negative average gap). The crimp angle (γ) is defined as the angle of the load aligned
tows relative to the loading direction measured at the centre of the crimp region. Table 3.1 shows that
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the crimp angle (γ) is larger in the satin than in the twill. Width (b) and thickness (t) of the cross
section of the tows are similar in both weaves, with the satin tows being slightly thicker on average.
Table 3.1: Characterisation of the two materials used. The areal density of the prepregs and Vf was
obtained from the manufacturer. Remaining measurements (30 for each dimension) were performed
on micrographs obtained from samples of cured material. Average values ± standard deviation are
shown. UCl and UCw are, respectively, the length and width of the unit cells. g is the length of the
gap between adjacent tows; γ is the angle of the load aligned tow relative to the loading direction,
measured at the centre of the crimp region. b and t are, respectively, the width and thickness of a
cross-section of a tow.
2× 2 Twill: T300/920CX-3K 5H Satin: M56/AS4-3K
Areal density = 368 g/m2, Vf = 45% Areal density = 444 g/m2, Vf = 53%
Weave architecture - Unit Cell
UCw 
UCl UCl 
UCw 
UCl = UCw = 8.36± 0.61mm UCl = UCw = 7.93± 0.95mm
Count = 12× 12 Count = 16× 16
Crimp Region
g ! g ! 
g = 0.51± 0.07mm, γ = 6.4◦ ± 2.3◦ g = −0.08± 0.06mm, γ = 8.5◦ ± 2.1◦
Tow cross section
b 
t t 
b 
b = 1.58± 0.08mm, t = 0.15± 0.01mm b = 1.58± 0.13mm, t = 0.17± 0.06mm
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3.2.2 Manufacture and Testing
3.2.2.1 Four Point Bending (FPB)
As mentioned previously, the detailed study of the compressive failure initiation of 2D woven carbon-
epoxy composites is hindered by the sudden nature of compressive failure, and the need to understand
the eﬀect of the weave architecture and geometry on the failure process. In the present study, these
diﬃculties are tackled using a tailored specimen design (lay-up and dimensions) combined with the
FPB setup.
Manufacture
From each material system (Table 3.1), one plate consisting of 16 plies was laid-up using standard
methods for prepregs and cured in an autoclave following the instructions from the supplier. Outer
and inner plies were oriented at 0◦ and 45◦, respectively, [0◦, 45◦7]S . Having a higher strain to failure,
the 45◦ layers were included to help prevent the sudden failure of the specimen. In the satin specimens,
one of the 0◦ outer layers was warp-dominated while the other was weft-dominated. A layer of satin
is considered to be warp-dominated if its surface has more warps then wefts and vice versa. This
enabled to study the eﬀect of the surface dominance by choosing which side of the specimen (warp-
dominated/weft-dominated) was under compression. Both plates were C-scanned after manufacturing
to access their quality. Ten specimens were cut from each plate. The nominal dimensions of the
specimens were l = 155mm in length, width w ≈ 40mm and thickness t = 4mm, Fig. 3.1. All
dimensions follow the ASTM specifications with exception of the width [97]. The latter was chosen to
be approximately equal to the length of 5 UCs, see Fig. 3.1, to help ensuring the UCs in the centre
of the specimen were not aﬀected by edge eﬀects. It is important to highlight that the specimens are
unnotched to enable the study of the eﬀect of the weave architecture on the damage initiation.
Test setup
The FPB setup used is illustrated in Fig. 3.1. In the FPB setup, the specimen is loaded such that its
top/bottom surfaces are under compressive/tensile loading. This setup, combined with the specimen
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design previously described, enables the observation of damage initiation in the 0◦ outer ply loaded in
compression, prior to the catastrophic failure of the specimen. In the present study, only the damage
occurrences in the central area of the outer layer loaded in compression are considered. The central
area is defined as a rectangle having its edges at a distance of one UC from the specimen edges and
the upper loading pins, Fig. 3.1. This definition guarantees the standardization of the observations
and eliminates from the analysis possible damage occurrences caused by the stress concentrations at
the pins and edge eﬀects. All pins have radius r = 3mm. The distance between the lower pins is
dpins = 128mm, and between the upper pins dpins/2. Rubber bands were placed between the loading
pins and the specimens to prevent localised damage and early failure due to stress concentrations.
Acoustic Emission (AE) was used as an auxiliary tool to detect and locate damage events as the
test progressed. An AE suite manufactured by Physical Acoustic Corporation [98] was used. Two
broadband sensors, with a frequency range [100 kHz, 1000 kHz], were mounted on the specimen surface
close to the upper pins, as shown in Fig. 3.1. The sensors were secured with elastic bands and silicon
grease was used as a coupling agent.
The testing procedure was as follows: (i) each specimen was placed on the rig, (ii) the AE sensors
were mounted and calibrated, (iii) loading was applied, (iv) the tests were stopped at two stages:
(a) immediately after the first failure occurrence was detected (through visual inspection and AE
monitoring), and (b) after several occurrences were detected, in order to be able to study the first
stages of the failure initiation, (v) the specimens were removed from the rig and digital images of the
compression side were collected, and (vi) damage details were further investigated using SEM.
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Figure 3.1: Four Point Bending test setup and specimen dimensions. Only damage occurrences in the
central area of the 0◦ outer ply loaded in compression are considered. The central area is defined as a
rectangle having its edges at a distance of 1 UC from the specimen edges and the upper loading pins.
3.2.2.2 reduced Compact Compression (rCC)
Using a notched specimen, the rCC setup [96] enables compressive damage to propagate in a non-
catastrophic fashion. Upon loading, damage initiates at the notch tip and propagates stably towards
the back of the specimen, Fig. 3.2. Using the rCC setup instead of the traditional Compact Com-
pression (CC) [99] enabled the use of specimens with smaller dimensions. Therefore, smaller plates
could be produced which provided an improved control over the stacking in the manufacturing of the
In-Phase plates. In the present study the rCC setup is used to: (i) identify and observe the compressive
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damage mechanisms, (ii) study the eﬀect of stacking on the damage morphology and (iii) investigate
if the eﬀect of stacking on the damage morphology is aﬀected by the weave architecture and geometry.
Manufacture
The two materials identified in Table 3.1 were also used. For each material system, two plates consisting
of 12 plies each were manufactured with diﬀerent stacking configurations:
1. In-Phase (IP), Fig 3.3a: All plies were laid-up with the same orientation, 0◦ warp aligned, [0◦12].
When laying-up, the UCs of each ply were positioned on top of the corresponding UCs of the
previously laid plies, without any shifts, such that the load-aligned tows of adjacent plies were
In-Phase. To facilitate this, the cutting of the prepreg plies was made tow-number-wise and not
dimension-wise. Additionally, pins were used to fix the plies at defined positions.
2. Random-stacked, Fig. 3.3b: All plies were laid-up with the same orientation, 0◦ warp aligned,
[0◦12]. When laying-up, the relative positions of the adjacent UCs were not considered, leading
to random shifts (but not rotations) between layers.
After lay-up, the plates were cured in an autoclave following the instructions from the manufacturer.
Once manufactured, the plates were C-scanned to access their quality. Fourteen rCC specimens were
manufactured in total; their nominal dimensions were t = 3mm, l = w = 20mm and the notch length
was n = 14mm, Fig. 3.2b. The notch tip was made using a band saw (radius ∼ 2mm).
Test setup
The rCC specimens were loaded in compression using the rig shown in Fig. 3.2a. The rCC setup
enables the stable initiation and propagation of a crack that initiates at the notch tip. The testing
procedure was as follows: (i) each specimen was placed in the rig and compressive loading was applied,
(ii) the test was stopped once a crack propagating from the notch was visually observed, (iii) the
specimen was removed from the rig and potted in resin, (iv) the potted specimens were ground and
polished as indicated by section TT in Fig. 3.2b, (v) using an optical microscope the through-thickness
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sections (TT) were inspected for damage, and (vi) steps (iv) and (v) were repeated until the crack tip
was found as a result of the additional grinding.
(a)
Section TT n 
w 
l 
t 
T 
T 
(b)
Figure 3.2: (a) rCC rig [96]; and (b) specimen dimensions.
(a) (b)
Figure 3.3: (a) In-Phase (IP) stacking; (b) random-stacking
3.3 Results
3.3.1 FPB: damage initiation and reinforcement architecture
In the twill specimens, the first type of damage occurrence registered was the failure of a tow at
the Crimp Region (CR), suggesting the relevance of this region in the compressive failure of twill
composites, Fig. 3.4. As mentioned previously, some specimens were stopped at a later stage, when
more than one damage occurrence in the central area of the compressive surface could be observed,
Fig. 3.5a. In the twill case, these consisted of tows failed at diﬀerent regions (the classification used
in Fig. 3.5 will be detailed later).
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Figure 3.4: Compressive side of a 2× 2 twill FPB specimen. Test was stopped after the first damage
in the central region of the compressive side was detected - failed tow at the Crimp Region (CR).
In the satin specimens failure initiation was more abrupt than in the twill specimens, with multiple
failure sites initiating almost simultaneously, Figs. 3.5b and 3.5c. In the warp-dominated satin speci-
mens, the damage morphology was similar to the twill specimens, consisting essentially of tows that
failed discretely at diﬀerent regions. However, comparing the compressive surface of twill and satin
specimens, Fig. 3.5, it is evident that the damage morphology of the weft-dominated satin specimens
is diﬀerent from the remaining two (twill and warp-dominated satin). Besides discretely failed tows,
weft-dominated satin specimens also show a crack spanning several crimp regions along the same weft
tow, Fig. 3.5c.
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Figure 3.5: Comparison between the damage morphology registered in the diﬀerent specimens tested.
The test was stopped after several damage occurrences were detected and before the failure of the
specimen. The failed tows are classified according to the region of the tow were the failure occurs:
Crimp Region (CR); Middle of the Upper Float (MUF) and Other Regions (OR). Additionally, the
designations CR-MUF and CR-OR refer to neighbouring regions where adjacent tows fail at CR and
MUF or OR.
In the testing of both satin and twill specimens, after several tows failed in the central area of the
compressive side of the specimens, final failure occurred rapidly through the development of a crack
spanning several failed tows. The latter occurred either bellow one of the loading pins or in the central
area of the specimen.
To facilitate the analysis, tow failures are classified according to the area of the tow where the
failure occurs: Crimp Region (CR), Middle of the Upper Float (MUF), and Other Regions (OR) if the
tow fails anywhere other than CR or MUF, Fig. 3.5. Moreover, it is also possible to observe that some
adjacent tows failed in neighbouring regions; e.g. tows failed at MUF immediately adjacent to tows
failed at CR. This type of occurrence is named CR-MUF. A particular feature of the warp-dominated
satin specimens is the occurrence of tows failed at OR adjacent to tows failed at CR. This type of
occurrence is designated OR-CR, Fig. 3.5.
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(b) 5H satin: warp-dominated
Figure 3.6: Percentage of failed tows at the diﬀerent regions: Crimp Region (CR), Middle of the
Upper Float (MUF) and Other Regions (OR). CR-MUF and CR-OR refer to neighbouring regions
where adjacent tows fail at the CR and MUF or OR, respectively. Data was collected from 6 twill
specimens (38 failed tows), and 3 warp-dominated satin specimens (64 failed tows).
Although it is apparent that most tows fail at CR, a considerable number of tows failed at MUF
and OR can also be identified. To give quantitative support to the observations made, a representative
number of failed tows and respective locations was counted. Figure 3.6 compares the percentage of
failed tows in each area in twill and satin warp-dominated specimens. In both cases, and as qualitatively
appreciated before, most tows fail at CR. In the twill specimens tows fail preferentially at MUF rather
than at OR. In the satin case, the diﬀerence between the percentage of tows failed at OR and MUF is
not significant. The latter is due to an increase in OR-CR occurrences.
Having identified CR as critical in the compressive failure of all specimens, Fig. 3.7 provides a closer
detail of tows failed at this region. All tows represented in Fig. 3.7 failed in an isolated fashion, i.e.
they are not part of a crack developing along the specimen surface and they are not adjacent to tows
failed in neighbouring regions. Their limits can be clearly identified by cracks following the interface
between tows and pure matrix regions, suggesting significant out-of-plane movement. Comparing the
three cases, it is possible to see that, in twill and weft-dominated satin specimens, tows fail at the
centre of the CR, while in warp-dominated specimens, tows fail at a non-negligible distance d ￿= 0 from
the centre of the CR.
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Figure 3.7: Location of the failure relative to the centre of the CR. In (a) and (c) the load-aligned
tows fail close to the centre of the CR, d ≈ 0, while in (b) they fail at a non-negligible distance d.
As mentioned previously, in twill and warp-dominated satin specimens, some adjacent tows failed
in neighbouring regions, namely CR-MUF and OR-CR, Fig. 3.5. Comparing the morphology of CR-
MUF occurrences in the twill and in the satin warp-dominated specimens, Figs. 3.8a and 3.8b, it is
possible to see that the failure locus of neighbouring tows failed at MUF and CR are adjacent to each
other in the twill case, while in the satin case they are not. The latter is due to the fact that, in
warp-dominated satin specimens, CR failure occurs at a small distance d ￿= 0 from the CR centre, as
mentioned previously, Fig. 3.8b. In CR-MUF occurrences, tows fail in an isolated fashion with their
limits identifiable by cracks following the interface between tows and pure matrix regions. In warp-
dominated satin specimens, besides CR-MUF, also OR-CR occurrences were registered, Fig. 3.8c. In
the latter, and contrarily to what was observed in the CR-MUF occurrences, damage was seen to
propagate from one tow to the other in a seemingly continuous fashion.
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d 
d 
(b) 5H satin: CR-MUF (c) 5H satin: CR-OR
Figure 3.8: Adjacent tows failed at CR-MUF and CR-OR observed in twill and satin warp-dominated
specimens. In twill specimens the failure locus of neighbouring tows failed at CR and MUF are
adjacent, while in the warp-dominated satin specimens they have a non-negligible distance d between
them. In CR-MUF occurrences tows fail in an isolated fashion, while in CR-OR occurrences damage
propagates from one tow to the other in a seemingly continuous fashion.
Finally, Fig. 3.9 examines in more detail the damage morphology of a failed tow. Analysing Fig.
3.9 it is possible to identify a kink band in the central part of the tow, suggesting the tow failed by
kinking. In all tows analysed at the SEM (both twill and satin), kinking was identified as the damage
mechanism responsible for their failure.
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1 mm 
100 µm 
Figure 3.9: Detail of a tow failed by kinking in a twill specimen.
3.3.2 rCC: damage propagation and stacking
In random-stacked rCC specimens, the damage propagated by kinking of the load-aligned tows and
cracking of the transverse tows and matrix. Both satin and twill specimens show a similar morphology,
Fig. 3.10.
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(a) 2× 2 twill: random-stacked.
Kink Band Transverse tow cracking 
(b) 5H satin: random-stacked.
Figure 3.10: Comparison between the damage morphology of 2× 2 twill and 5H satin random-stacked
specimens. In both specimens, the damage propagation mechanisms observed were kinking of the load
aligned tows and cracking of the transverse tows and matrix.
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Figure 3.11 compares the damage morphology observed in two representative IP stacked specimens,
twill and satin. The IP stacking can be assessed by comparing the position of the centre of the CR
in adjacent layers, highlighted in Fig. 3.11. Analysing Fig. 3.11a, it is clear that the IP stacked
twill specimens show a diﬀerent damage morphology from the one observed in the random-stacked
specimens, Fig. 3.10a. The load-aligned tows show pronounced bending, associated with delamination
between tows and matrix. Within the tows, splitting between fibres and several fibre breaks can also be
observed. This type of damage occurred systematically at the crimp regions. In the satin specimens the
diﬀerences between the damage morphology of IP and random-stacked specimens are less obvious, Figs
3.11b and 3.10b, respectively. In both cases, damage propagates by kink band formation, matrix and
transverse tow cracking. Nevertheless, the IP stacked specimens show, in general, more delamination
between transverse and load aligned tows, Fig. 3.11b. Contrarily to the twill, no visible damage
concentration can be found at the crimp regions on the satin IP stacked specimens and the significant
bending of the tows is less obvious.
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(b) 5H satin: IP stacked.
Figure 3.11: Comparison between the damage morphology of 2 × 2 twill and 5H satin IP stacked
specimens. The IP stacking is highlighted by comparing the position of the centre of the CR in
adjacent layers. The twill specimen shows pronounced bending of the load-aligned tow associated with
delaminations between the latter and matrix. Fibre breaks and splits between fibres within the tow
are also observed. The satin specimen shows delamination between load-aligned and transverse tows,
cracking of the transverse tows and kinking of the load-aligned tows.
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3.4 Discussion
3.4.1 FPB: damage initiation & reinforcement architecture
3.4.1.1 Overview
From the observations presented, it is apparent that: (i) tows behave as structural elements at the
reinforcement level, (ii) damage morphology is aﬀected by the weave architecture and geometry, (iii)
tows tend to fail at the crimp region, and (iv) kinking is the main failure mechanism responsible for
the failure of the load-aligned tows.
3.4.1.2 Structural role of the tows
The structural role of the tows can be inferred from the discrete nature of the damage observed - tows
fail individually with significant out-of-plane movement. Moreover, even in areas where adjacent tows
fail in neighbouring regions, tows were seen to fail individually (CR-MUF). The latter suggests that
load transfer between the first tow failing and the adjacent tow was the mechanism responsible for the
local damage propagation.
3.4.1.3 Eﬀect of the weave architecture and geometry
The damage morphology varied with weave architecture and geometry. The diﬀerences in damage
morphology between weft-dominated satin specimens and twill/warp-dominated satin are the most
obvious. However, a detailed analysis shows that damage morphology is also diﬀerent between twill
and warp-dominated satin specimens, e.g. location of the failure at the CR.
3.4.1.4 Crimp region
In all specimens tested, the CR was seen to be critical. In weft-dominated satin specimens, a central
crack developed along a weft tow connecting CRs. Additionally, the isolated failures registered occurred
at CR. In twill and warp-dominated satin specimens, most tows failed at CR. Moreover, a large
percentage of tows failed at MUF and OR were adjacent to tows failed at CR. The latter suggests tows
failed first at the CR and then, via load transfer, caused the failure of adjacent tows in a neighbouring
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region. The relevance of the CR in the compressive failure of woven composites was partially expected.
In this region, fibres within the tow are significantly misaligned with respect to the loading direction.
However, local misalignment alone does not explain all the details of the damage morphology observed.
Having into account the misalignment is maximum at the centre of the crimp region, failure would
be expected to occur at this location. However, in warp-dominated satin specimens, tows failed
systematically at a small distance d from the centre of the CR. This diﬀerence is likely to be due to
the increased support provided by the transverse tows in the satin weave, (negative average gap g).
This observation reinforces the importance of explicitly considering weave architecture and geometry
when analysing the compressive response of 2D woven composites.
3.4.1.5 Tow failure - fibre kinking
Observations showed the load-aligned tows failed by kinking. At the microscale, kink-band formation in
woven and UD composites is expected to occur in a similar fashion: opening of micro-cracks/plasticity
of the matrix ultimately leading to kinking [96, 100]. However, while in UD composites the initiation
of kink-band formation is essentially related to local misalignment/defects, in woven composites it is
additionally aﬀected by the local response of the reinforcement and therefore by the weave architecture.
3.4.2 rCC: damage propagation and stacking
3.4.2.1 Overview
From the observations presented, it is possible to infer that: (i) kink-band formation, matrix cracking
and transverse tow cracking are the predominant damage propagation mechanisms in compression (ii)
stacking, and therefore the support provided by adjacent layers, aﬀects the damage mechanisms (iii)
the eﬀect of stacking is weave dependent.
3.4.2.2 Damage mechanisms
The load-aligned tows were seen to fail by kink-band formation. Regions of cracked matrix and/or
transverse tows connected adjacent tows failed by kink-band formation, forming a damage band.
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3.4.2.3 Eﬀect of stacking on the damage morphology
Stacking was seen to aﬀect the damage morphology, particularly in the twill specimens. This observa-
tion highlights the importance of the support provided by the adjacent layers upon loading. Moreover,
it is also consistent with the observations made in Section 3.3.1, namely the behaviour of tows as struc-
tural elements at the reinforcement level. Figure 3.12a shows an idealised load-aligned tow, assumed
to behave as a load carrying beam-column embedded in an elastic foundation (matrix). The arrows
indicate its anticipated deflection direction due to the applied load. Figure 3.12b represents the same
tow, together with two adjacent tows, representing an IP stacked laminate. All tows are expected to
behave as load carrying beam-columns. It can be easily observed that the anticipated displacement
of the tows are all compatible and in-phase. Figure 3.12c shows the same tow but now in a random-
stacked laminate. In contrast to the case observed in Fig. 3.12b, not all the anticipated displacements
in Fig. 3.12c are compatible. Indeed, some regions of the adjacent tows will act to reduce the deflec-
tion of the embedded load-aligned tow, providing increased support. Moreover, in the random-stacked
case, the adjacent transverse tows (dashed) might replace the matrix near the crimp regions due to
nesting, while in the IP stacked this area is surrounded by pure matrix. Additionally, it is important
to highlight that IP stacking is one of the possible arrangements present in a random-stacked laminate.
The presence of regions of IP stacked layers in a woven laminate will contribute to the variability of
the damage mechanisms in 2D woven composites and consequently of their measured properties.
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(a) Isolated tow (b) IP stacked (c) Random-stacked
Figure 3.12: Eﬀect of stacking on the interaction between tows during compression
3.4.2.4 Variation of the eﬀect of stacking with weave architecture/geometry
The eﬀect of stacking was more pronounced in the twill than in the satin specimens. This suggests
that depending on the weave architecture and geometry, this eﬀect can be more or less significant.
Two main factors might contribute to the diﬀerence registered. The first has to do with the global
response of the internal reinforcement. Upon compressive loading, the out-of-plane deflection of the
load-aligned tows will vary as a function of tows’ shape and weave architecture. Therefore, the eﬀect
of the variation in local support will be higher for weaves that, due to their weave architecture and
geometry, have a larger out-of-plane deflection upon loading. Another seemingly relevant factor, with
a more localized eﬀect, is the tightness of the weave. Comparing the crimp regions of both weaves,
Table 3.1, it is possible to see that the crimp region of the satin weave is surrounded by transverse
tows, providing additional support, while for the twill weave the central portion of the crimp region is
surrounded by pure matrix.
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3.5 Conclusions
Using a Four Point Bending (FPB) test setup and a tailored specimen design, damage initiation in
compression was investigated for two diﬀerent 2D woven composites. From the results obtained, it
is possible to conclude that: (i) tows behave as structural elements at the reinforcement level, (ii)
damage morphology is aﬀected by the weave architecture and geometry, (iii) tows tend to fail at the
crimp region and (iv) kinking is the predominant failure mechanism responsible for the failure of the
load-aligned tows.
Using a reduced Compact Compression (rCC) test setup, damage propagation in compression for
two diﬀerent 2D woven composites and the eﬀect of diﬀerent stacking configurations was investigated.
It can be concluded that: (i) kink-band formation, matrix cracking and transverse tow cracking are
the predominant damage propagation mechanisms in compression (ii) stacking, and therefore the
support provided by adjacent layers, aﬀects the damage mechanisms (iii) the eﬀect of stacking is
weave dependent.
Failure criteria developed for UD are often applied to predict failure of 2D woven composites.
However, the present study indicates that, to capture the physics of the compressive failure of 2D
woven composites, the weave architecture needs to be considered, both at lamina and laminate level.
Unit cell meso-scale finite element models are increasingly used for predicting the failure strength of
2D woven composites. In this approach, the details of the weave architecture are explicitly modelled.
However, these models are normally single ply models, not accounting for the eﬀect of the support
given by the adjacent layers. The present study suggests the eﬀect of the support provided by the
adjacent layers (although weave dependent) is not negligible.
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Chapter 4
Reducing the domain in the
mechanical analysis of periodic
structures, with application to woven
composites.
4.1 Introduction
The application of Periodic Boundary Conditions (PBCs) to representative regions has been discussed
in numerous works, eg. [88–91]. For periodic structures, the Unit Cell (UC) is generally used as
the representative region, and the analysis (numerical/analytical) is performed by applying periodic
displacement boundary conditions. The topological complexity of many UCs found in practice, such as
in typical woven composites, often leads to unpractical modelling and analysis times. For this reason,
internal symmetries of the UCs must whenever possible be exploited to reduce the analysis domain
further (provided the appropriate boundary conditions are applied), thus reducing both modelling and
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analysis time.
A comprehensive study on the determination of reduced Unit Cells (rUCs) for UD and particle
reinforced composites was performed by Li [92, 93] and Li and Wongsto [94]. Diﬀerent rUCs, loading
cases and correspondent boundary conditions were determined and presented in detail. Applied to
textile composites, Tang and Whitcomb [6] proposed a general framework for determining rUCs. The
framework proposed by Tang and Whitcomb [6] requires the distinction of two diﬀerent cases of
equivalence between subcells: (i) equivalence is obtained by a symmetry operation or a translation,
and (ii) equivalence is obtained by the combination of a symmetry operation and a translation. In the
second case an additional vector of constants r (see Tang and Whitcomb [6]) needs to be considered
when applying the boundary conditions. The non-zero components of this vector are tabulated for
diﬀerent cases and are determined by the FEM as part of the solution.
In the first part of the present chapter, the derivation of the framework proposed in [6] is revisited
and some of its building blocks redefined, resulting in a diﬀerent, formally defined and more concise
formulation. The new formulation is more generic, in that no cases need to be treated separately, and
mathematically complete in that no vector r needs to be determined from tabulated data. All terms in
the equation that determines the PBCs for a rUC are fully defined, leading to a simpler and easier to
use formulation, Sections 4.2 and 4.3. In Section 4.4, the use of rUCs and their potential is illustrated
through practical examples: 2D woven laminates, 3D woven composites and honeycombs. Particular
attention is given to Oﬀset-reduced Unit Cells. How they fit in the theoretical framework proposed
and practical applications, namely in the domain reduction of 2D laminates and 3D woven composites,
are highlighted. The derivation of PBCs for a given rUC and their implementation in FE can be a
time-consuming process. In Section 4.5, using the formulation developed, an algorithm is implemented
which can: (i) identify the smallest rUC as a function of the prescribed loading, (ii) derive the PBCs
for the rUC selected, (iii) implement the PBCs derived, preparing an input file to be analysed by the
FE solver used. The algorithm is coupled with a voxel modelling/meshing procedure and applied to
2D woven orthogonal weaves, allowing the automatic numerical modelling and analysis of rUCs for
this class of materials. Section 4.6 illustrates the application of both formulation and algorithm, and
Section 4.7 sumarizes the main conclusions from the work developed.
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4.2 Equivalence framework
In this section, the equivalence framework is formally defined. It is based on four concepts: physical
equivalence, load equivalence, periodicity and sub-domain admissibility. In the following sections each
of these concepts is detailed.
4.2.1 Physical equivalence
Consider a domain D in space and within it a sub-domain E. The latter has a defined boundary, Local
Coordinate System (LCS) OExyz, and a certain spatial distribution of n physical properties Pi with
i ∈ {1, ..., n} . Each of these physical properties Pi are expressed as a tensor written in the LCS of E,
i.e. PiE .
Definition 1. Two distinct sub-domains E and Eˆ are Physically Equivalent, denoted:
E ￿=Eˆ (4.1)
if for every point A in E there is a point Aˆ in Eˆ such that, for each physical property i,
xAE = x
Aˆ
Eˆ
∧ PiE (A) = PiEˆ
￿
Aˆ
￿
(4.2)
and vice-versa.
In Eq. 4.2, xAE and xAˆEˆ are the coordinate vectors of A and Aˆ given in the LCS OExyz and OEˆxyz
associated with E and Eˆ, respectively, Fig. 4.1. The points A and Aˆ for which Eq. 4.1 is verified are
designated as physically equivalent points.
4.2.2 Periodicity and Unit Cell
Across the literature, diﬀerent definitions can be found for periodic structure and UC. In the present
work, periodic structure and UC are defined based on the concept of physical equivalence, presented
previously.
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Figure 4.1: Geometrical relation between equivalent points.
Definition 2. A domain D is periodic if it can be reconstructed by tessellation of, non-overlapping,
physically equivalent sub-domains Ei with parallel LCS (same versors), i.e. if for all i ￿= j:
Ei￿=Ej ∧OEixyz ￿ OEjxyz (4.3)
The smallest sub-domain verifying the periodicity definition is designated as an Unit Cell.
4.2.3 Loading equivalence
The concept of load equivalence (see Tang and Whitcomb [6]) provides a relation between physically-
equivalent sub-domains, once the structure they are part of is loaded. Let us consider a periodic
structure as defined in the previous section.
Definition 3. Load equivalence between two physically equivalent points A and Aˆ is verified if the
strains and stresses at these points, given in the LCS of the sub-domains, can be related by:
εE (A) = γεEˆ
￿
Aˆ
￿
(4.4)
σE (A) = γσEˆ
￿
Aˆ
￿
(4.5)
where the load reversal factor, γ = ±1, is used to enforce the equivalence between fields of physically
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equivalent sub-domains.
For Eqs. 4.4 and 4.5 to hold, the length scale of the loading variation must be larger than the
length scale of the sub-domains, such that an approximately periodic variation of the strains and
stress fields is assured. If a structure is entirely composed by load equivalent sub-domains, its response
can be obtained by analysing one of these domains alone, instead of analysing the entire structure.
However, the appropriate boundary conditions have to be applied. These guarantee that the sub-
domain, although isolated, has the same response it would have if it was embedded in the structure.
4.2.4 Sub-domain admissibility
Not all physically equivalent sub-domains can be used to analyse the response of a periodic structure
under all loading conditions. The use of sub-domains smaller than the UC to analyse the response
of a periodic structure is restricted by the relations between the LCS of these sub-domains. In the
present section, the suﬃcient and necessary condition for admissibility of a sub-domain to be used in
the analysis of a periodic structure is derived.
Average and fluctuation fields
For convenience, the strain field of a sub-domain at a point A is decomposed as the sum of a volume
average and a fluctuation term, Fig. 4.2:
ε (A) = ￿ε￿+ ε∗ (A) , (4.6)
where ￿•￿ = 1V
´
V •dV is the volume average operator over the volume V , and ε∗ is the fluctuation
term, see Suquet [101]. It is possible to find the displacements at a given point by integration of Eq.
4.6. Assuming small displacements and no rigid body rotations, the displacement relative to the origin
of a LCS, attached to the subdomain, comes as:
u (A) = ￿ε￿ · xA + u∗ (A) . (4.7)
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Figure 4.2: Idealised relation between the fluctuation and average fields of strain and displacement in
a periodic structure.
Relations between fields of two equivalent points in a global coordinate system
Knowing that the coordinate vectors of two equivalent points A and Aˆ given in their LCSs are identical,
Eq. 4.2, they can be related in the LCS of the sub-domain E by:
xAE = T
￿
xAˆE − xOEˆE
￿
, (4.8)
where T is the transformation matrix between the LCSs of Eˆ and E, and xOEˆE is the position vector of
the origin of the LCS of the sub-domain Eˆ given in the LCS of the sub-domain E, Fig. 4.1. Similarly,
using Eq. 4.4, the strains at two equivalent points can be related in the LCS of E by:
εE (A) = γTεE
￿
Aˆ
￿
Tt. (4.9)
The relation between the volume average of the strain of the equivalent sub-domains E and Eˆ, in the
LCS of the first, can be obtained directly by integrating Eq. 4.9:
￿ε￿EE = γT ￿ε￿EˆE Tt, (4.10)
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where the lower index of ￿•￿ refers to the coordinate system, and the upper index to the domain over
which the volume average was taken. Decomposing the strain field of Eq. 4.9 into its average and
fluctuation parts and using Eq. 4.10, the relation between the strain fluctuations field of two equivalent
points is obtained:
ε∗E (A) = γTε
∗
E
￿
Aˆ
￿
Tt. (4.11)
Next, a similar relation for the displacement fluctuation fields is pursued. In general, the displacement
of a point A can be obtained from:
u(xA) = u0 +
ˆ xA
x=0
du = u0 +
ˆ xA
x=0
∇.udx = u0 +
ˆ xA
x=0
εdx+
ˆ xA
x=0
Ωdx, (4.12)
where ε = 12 (∇.u+∇.ut), Ω = 12 (∇.u−∇.ut) and xA is the coordinate vector of pointA. Considering
the structure has no rigid body motion u0 = 0 , nor rotation Ω = 0, the displacement of a point A can
be simply obtained by:
u(xA) =
ˆ xA
x=0
εdx. (4.13)
The strain fluctuations of two equivalent points belonging to the sub-domains E and Eˆ are related in
the LCS of E by Eq. 4.11. Knowing that two equivalent points are related by Eq. 4.8, and that the
displacement at the origin is equal to zero, integrating Eq. 4.11 it is possible to obtain:
ˆ xAE
xE=0
εE∗E (x) dx =
ˆ xAE
xE=0
γTεEˆ∗E
￿
TtxE + x
OEˆ
E
￿
TtTdxE
u∗E(x
A
E) = γT
￿
u∗E(T
txAE + x
OEˆ
E )− u∗E(xOEˆE )
￿
. (4.14)
Equation 4.14 provides a relation between the displacement perturbations of two equivalent points
given in the LCS of one of the sub-domains. Apart from u∗(xOEˆE ), all variables are known; below it is
shown that u∗
￿
x
OEˆ
E
￿
= 0.
According to the definition of periodicity, a periodic structure can be reconstructed from physically
equivalent sub-domains with parallel coordinate systems. The strain fields at two equivalent points
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belonging to diﬀerent sub-domains are related by:
εE
￿
xAE
￿
= γTεE
￿
TtxAE + x
OEˆ
E
￿
Tt. (4.15)
If we consider that the sub-domains are UCs, since the coordinate systems are parallel, the matrix T
will be equal to the identity matrix. Moreover, all equivalent sub-domains will be admissible and have
a load reversal factor γ = 1. Equation 4.15 can then be simply written as:
εE
￿
xAE
￿
= εE
￿
xAE + x
OEˆ
E
￿
. (4.16)
Following from [101], if the two UCs being considered are adjacent, a vector d = xOEˆE can be defined
and Eq. 4.16 can be generalized for any point x of the structure:
ε (x) = ε (x+ d) , (4.17)
where d is commonly named the periodicity vector, and corresponds to the period of the function
ε (x).
Following from [102], the integral of a periodic function f of period D can always be written as:
ˆ
f (t) dt = g (t) + f¯ t+ C, (4.18)
where g (t) is also a periodic function of period D, f is the average the periodic function f , and C is
a constant. Using Eq. 4.18 it is possible to write:
u∗ (x) =
ˆ
ε∗ (x) dx = h (x) . (4.19)
The average term that would appear in Eq. 4.19 is zero since by definition ε∗ (x) has zero average.
Additionally, knowing that at the origin u∗ (x) is equal to zero, one can conclude that C will also be
zero and thus u∗ (x) will be a periodic function with zero average. Using the above result, and knowing
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that the integration over a period of a periodic function with zero average is equal to zero, one can
integrate both sides of Eq. 4.14 over a period:
ˆ x+d
x
u∗(x)dx = γ
ˆ x+d
x
T
￿
u∗(Ttx+ xOEˆE )− u∗(xOEˆE )
￿
dx
0 = γ
ˆ x+d
x
u∗(xOEˆE )dx, (4.20)
obtaining:
u∗(xOEˆE ) = 0. (4.21)
Substituting Eq. 4.21 in Eq. 4.14, the relation between the displacement perturbations at two equi-
valent points can be finally obtained:
u∗E(x
A
E) = γTu
∗
E(x
Aˆ
E). (4.22)
Evaluation of the sub-domain admissibility
For a sub-domain to be admissible, the volume average (homogenised) strain calculated for this sub-
domain on a given coordinate system must equal that volume average on any other sub-domain (on the
same coordinate system), as the volume average is a homogenised entity, hence independent of the sub-
domain where it was calculated. From load equivalence, the strains at physically-equivalent points are
related (Eq. 4.4). Equation 4.10 is obtained by simply integrating this relation over the sub-domain,
but does not enforce directly that the volume average strain is a macroscopic entity independent of the
particular sub-domain. For the sub-domain to be admissible, the following condition must be verified:
￿ε￿EE = ￿ε￿EˆE (4.23)
since, for a sub-domain to be admissible, the homogenised strain on a given reference system (in this
case E) must be the same for any sub-domain (in this case E and Eˆ). Therefore, Eq. 4.10 with Eq.
4.23 lead to the condition of sub-domain admissibility, as defined below.
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Definition 4. A given sub-domain E is admissible for the analysis of a periodic structure under a
given loading ￿ε￿E, if Ti and γi correspondent to any other sub-domain Eˆi are such that, for all Eˆi:
￿ε￿E = γiTi ￿ε￿E Tti (4.24)
Equation 4.24 can be used to, for a given loading, determine the load reversal factors γi associated
with each of the sub-domains. The admissibility of a subdomain for structural analysis leads to the
definition of a rUC.
Definition 5. A reduced Unit Cell is a domain, smaller than the Unit Cell, that can be used to
determine the response of a periodic structure to a given loading. The condition to be verified by a
reduced Unit Cell in structural analysis is defined by Eq. 4.24.
4.3 Derivation of Periodic Boundary conditions
To ensure the response of a periodic structure under a given loading can be determined from the
response of a rUC, the appropriate boundary conditions that must applied to the latter need to be
determined. In this section, the equivalence framework, presented previously, is used to derive the
periodic boundary conditions for the analysis of rUCs.
Consider two adjacent sub-domains E and Eˆ that are physically and load equivalent. If a point Aˆ
belonging to Eˆ is chosen to be at the boundary of the sub-domain E, then its equivalent point A is
also going to be at the boundary of E. Since both points A and Aˆ belong to E, the displacement at
each point can be obtained using Eq. 4.7:
u (A) = ￿ε￿xA + u∗ (A) (4.25)
u
￿
Aˆ
￿
= ￿ε￿xAˆ + u∗
￿
Aˆ
￿
. (4.26)
All quantities in Eqs. 4.25 and 4.26 are written in the LCS of E, and the volume average is taken
over the sub-domain E (the subscript will be omitted hereafter for convenience). Since both points
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are equivalent, their positions are related by Eq. 4.8 leading to:
u (A) = ￿ε￿T
￿
xAˆ − xOEˆ
￿
+ u∗ (A) . (4.27)
Knowing that the displacement fluctuations at two equivalent points are related by Eq. 4.22, if Eq.
4.26 is multiplied by γT and then subtracted to Eq. 4.27, the displacement fluctuations cancel, leading
to:
u (A)− γTu
￿
Aˆ
￿
= (￿ε￿T− γT ￿ε￿)xAˆ − ￿ε￿TxOEˆ . (4.28)
Provided the sub-domain Eˆ is admissible, see Definition 4, the term (￿ε￿T− γT ￿ε￿) is zero. Using
this result, Eq. 4.28 can be simplified to Eq. 4.29, which is the main outcome of this analysis and can
be used directly to apply periodic boundary conditions to a sub-domain:
u (A)− γTu
￿
Aˆ
￿
= −￿ε￿TxOEˆ . (4.29)
Once a displacement constraint equation is associated to all points at the boundary of the sub-domain
E, loading can be applied by prescribing a volume average strain ￿ε￿.
It is relevant to notice that the displacement constraint equation traditionally used to impose
periodic boundary conditions on a UC, see Suquet [101] for example, is a particular case of Eq. 4.29
where the matrix T is equal to the identity matrix I, since the LCSs of the UCs are parallel by definition
and consequently, from the sub-domain admissibility evaluation, the load reversal factor γ is equal to
one.
It is important to highlight the diﬀerences between the result obtained above and the one obtained
in Tang and Whitcomb [6]; as referred before, Eq. 4.29 is completely generic and self suﬃcient: no
distinction needs to be made, in the current formulation, between the type of operation needed to
achieve equivalence between subdomains. Moreover, all terms in Eq. 4.29 are fully defined, and can
therefore be readily used to prescribe periodic boundary conditions to a given subdomain. This is the
first time a single equation is proposed for the definition of periodic boundary conditions exploiting
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symmetries for any periodic structure.
4.4 Applications
In the present section two applications of the formulation presented previously are illustrated. The
first concerns a particular type of UCs, here named Oﬀset-reduced Unit Cells (OrUCs), and their
relevance for modelling woven laminates. The second emphasizes the relevance of OrUCs and rUCs
for the domain reduction of 3D Woven composites.
4.4.1 2D Woven Composites Laminates - Oﬀset reduced Unit Cells
According to the periodicity definition given in 4.2.2, a UC is the smallest sub-domain that allows a
periodic structure to be reconstructed by tessellation of sub-domains that are physically equivalent
to the UC and have parallel LCS. Nevertheless, in most applications the UC is defined such that
the LCS are not only parallel but orthogonally translated. However, smaller UCs can in general be
defined if non-orthogonal translations are considered, Fig. 4.3a. Although, according to the definition,
the representative sub-domains obtained through non-orthogonal translation are in fact UCs, in the
present paper they are referred to as Oﬀset-reduced Unit Cells, since they lead to a reduction in the
domain of the traditionally defined UCs, Fig. 4.3a.
An important feature of OrUCs is that all loading combinations are admissible. Using the present
formulation this feature comes as a natural result: since the LCS of all sub-domains are parallel, they
relate to each other by the identity matrix, i.e. T = I, as a consequence Eq. 4.24 is always verified
and therefore all loading cases are admissible. In addition to providing a domain reduction without
load restriction, when applied to woven composites, OrUCs are particularly useful to model woven
laminates. The relevance of modelling more than a single layer, and the eﬀect of shifts between layers
and consequent nesting has been reported in diﬀerent works [26? ]. However, the modelling and
analysis of a UC of the entire laminate is extremely time consuming. Provided all layers have the same
orientation, OrUCs can be used to model laminates including the eﬀect of shifts between layers and/or
nesting of adjacent layers, leading to significant time savings.
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In Fig. 4.3a, a 2× 2 twill laminate is shown. If all laminae have the same orientation, it is possible
to define a OrUC for the laminate, E of Fig. 4.3a. This OrUC has the laminate thickness and the
same in-plane size as the OrUC of a laminae, Fig. 4.3b. It is independent of the shifts of the layers
composing the laminate and of the nesting of adjacent layers. This can be seen observing that the
sub-domains E and Eˆ are physically equivalent, Fig. 4.3a. As mentioned above, T = I and thus γi = 1,
for all equivalent subdomains at the boundary of the OrUC. Therefore, the only variables needed to
fully define Eq. 4.29, and prescribe the periodic boundary conditions to the OrUC, are the loading and
the geometric relations between equivalent points at its boundary. The latter are obtained applying
Eq. 4.8 to the equivalent domains at the boundary of the OrUC, and are provided in Table 4.1 and
illustrated in Fig. 4.3b.
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Figure 4.3: (a) shows E and Eˆ are physically equivalent OrUCs for a 2×2 twill 0◦ warp-aligned
random-shifted laminate, (b) shows how E can be used to reconstruct the weave using non-orthogonal
translations and the geometrical relations between equivalent points at the boundary of E.
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Table 4.1: Geometrical relations between equivalent points at the boundary for the 2×2 twill OrUC.
l, w and t are respectively, the length width and thickness of the OrUC.
Eˆ1 Eˆ2 Eˆ3 Eˆ4 Eˆ5 Eˆ6
x
O
Eˆ
 w− l4
0

 w3l4
0

 0l
0

 −wl4
0

 −w− 3l4
0

 0−l
0

xAˆ
 x =
w
2
− l2 ≤ y ≤
l
4
− t2 ≤ z ≤
t
2

 x =
w
2
l
4 ≤ y ≤
l
2
− t2 ≤ z ≤
t
2

 −
w
2 ≤ x ≤
w
2
y = l2
− t2 ≤ z ≤
t
2

 x = −
w
2
− l4 ≤ y ≤
l
2
− t2 ≤ z ≤
t
2

 x = −
w
2
− l2 ≤ y ≤ −
l
4
− t2 ≤ z ≤
t
2

 −
w
2 ≤ x ≤
w
2
y = − l2
− t2 ≤ z ≤
t
2

xA

xAˆ1 − w
xAˆ2 +
l
4
xAˆ3


xAˆ1 − w
xAˆ2 − 3l4
xAˆ3


xAˆ1
xAˆ2 − l
xAˆ3


xAˆ1 + w
xAˆ2 − l4
xAˆ3


xAˆ1 + w
xAˆ2 +
3l
4
xAˆ3


xAˆ1
xAˆ2 + l
xAˆ3

4.4.2 3D Woven Composites
The UCs of 3D woven composites can be significantly larger than their 2D counterparts, mostly due to
the more intricate reinforcement architecture and 3D nature. Therefore, the domain reduction enabled
by the use of rUCs can be very significant. Figure 4.4a shows an UC, an OrUC and a rUC of a given 3D
woven architecture, highlighting the domain reduction achieved: OrUC and rUC reduce the analysis
domain to 1/7 and 1/28 of the UC, respectively. The derivation of PBCs for the rUC of Fig. 4.4 is
illustrated next.
To define the periodic boundary conditions for the analysis a rUC, the load admissibility needs to be
evaluated and γi determined for each adjacent subdomain, since in general, T ￿= I. This is performed
evaluating Eq. 4.24, and summarized in Table 4.2 for the rUC of Fig. 4.4. The following step is to
determine the geometric relations between equivalent points at the rUC boundary. These are obtained,
similarly to the OrUC case, by applying Eq. 4.8 to the equivalent domains at the boundary of the rUC
and are given in Table 4.3 and illustrated in Fig. 4.4b. Given a certain loading and using the data
from Tables 4.2 and 4.3, Eq. 4.29 can be fully defined and periodic boundary conditions prescribed to
the rUC.
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Table 4.2: Admissible loading cases and respective value of the load reversal factor γi, correspondent
to each adjacent sub-domain Eˆi, for the 3D woven rUC.
Admissible loading γi
Case 1
 ε11 ε12 0ε21 ε22 0
0 0 ε33
 ￿ 1 1 1 1 1 1 ￿
Case 2
 0 0 ε130 0 ε23
ε31 ε32 0
 ￿ 1 1 −1 −1 1 1 ￿
UC OrUC
rUC
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Figure 4.4: (a) UC, OrUC and rUC of a 3D woven reinforcement architecture; representation of the
reduced Unit Cell (rUC) and adjacent sub-domains, (b) geometrical relations between equivalent points
at the boundary of the rUC.
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4.4.3 Honeycombs
Honeycombs are another example of an extensively used periodic structure for which UC modelling
and analysis can be simplified by the use of rUCs. Figure 4.5 shows the UC and rUC for a honeycomb
structure. Following the procedure described previously, the load admissibility is assessed and the
load reversal factors γi determined, Table 4.4. Aftewards the geometrical relations between equivalent
points at the boundary are determined, Table 4.5, and Fig 4.6. As in the previous cases, using the
data from Tables 4.5 and 4.4, Eq. 4.29 can be fully defined and PBCs applied to the rUC.
Table 4.4: Admissible loading cases and respective value of the load reversal factor γi, correspondent
to each adjacent sub-domain Eˆi, for the rUC of the honeycomb.
Admissible loading γi
Case 1
￿
ε11 0
0 ε22
￿ ￿
1 1 1
￿
Case 2
￿
0 ε12
ε21 0
￿ ￿
1 −1 −1 ￿
UC
rUC
Figure 4.5: Unit cell (UC) and reduced Unit Cell (rUC) of a honeycomb structure.
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Figure 4.6: (a) rUC of a honeycomb structure and LCSs of the adjacent sub-domains, (b) geometrical
relations between equivalent points at the rUC boundary
Table 4.5: Geometrical relations between equivalent points at the boundary of the honeycomb rUC. l,
w are respectively, the length and width of the rUC.
Eˆ1 Eˆ2 Eˆ3
T
￿ −1 0
0 −1
￿ ￿ −1 0
0 1
￿ ￿
1 0
0 −1
￿
xOEˆ
￿
w
0
￿ ￿ −w
0
￿ ￿
0
−l
￿
xAˆ
￿
x = w2
− l2 ≤ y ≤ l2
￿ ￿
x = −w2
− l2 ≤ y ≤ l2
￿ ￿ −w2 ≤ x ≤ w2
y = − l2
￿
xA
￿
−xAˆ1 + w
−xAˆ2
￿ ￿
−xAˆ1 − w
xAˆ2
￿ ￿
xAˆ1
−xAˆ2 − l
￿
4.5 Algorithm: Automatic detection of rUC and Finite Element
Analysis applied to 2D Woven Composites
The finite element modelling and analysis of a rUC involves 5 steps: (i) selection of the smallest rUC
for the loading applied, (ii) modelling and (iii) meshing of the geometry, (iv) derivation of the PBCs
for the loading applied and rUC selected, and (v) application of the PBCs as displacement constraints
at the boundary of the rUC domain. In the present section, an algorithm is presented which is capable
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of: (i) automatically selecting the smallest rUC for the loading to be applied (ii) derive and (iii) apply
the appropriate periodic boundary conditions for the rUC selected. The algorithm was implemented in
Matlab. In a first instance, given the loading to be applied, it provides the user with the information on
the minimum domain necessary to model - dashed box “rUC” in Fig. 4.7. This saves modelling/meshing
time and, at a later stage, analysis time. After the FE model is generated [103], the algorithm derives
and applies the boundary conditions to the model, producing an input file ready to be analysed by the
FE solver used, ABAQUS/Standard - dashed box “PBC” in Fig. 4.7. The algorithm can be applied
to any 2D orthogonal weave. Moreover, it is important to highlight that its primitives are general and
can therefore be extended to any periodic structure. In the following sections, the inputs and the two
main blocks of the algorithm, “rUC” and “PBC” are examined in detail.
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Figure 4.7: Flowchart of the algorithm
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4.5.1 Inputs to the algorithm - “INPUTS”
The inputs needed to apply the algorithm are summarized in Table 4.6. The variable WEAVE contains
the binary representation of the weave, Fig. 4.7. The nature of 2D orthogonal weaves, where the warp
tow is either under (0) or over (1) the weft tow is particularly suitable for a binary representation. This
enables the weave pattern recognition while requiring the minimum amount of information from the
user. Besides the binary weave description, it is also necessary to define if the warp tows are identical to
weft tows (properties, thickness, width, spacing, amongst others) as this aﬀects the allowable symmetry
operations. In the context of the present algorithm, this information is provided by the variable
BALANCED. The user is also given the possibility of determining the boundary conditions for the
OrUC of the unit cell being analyzed, by prescribing the variable ORUC equal to one. Finally the
input variable STRAINS prescribes the volume average strains that are applied.
Table 4.6: Inputs for the algorithm
Variable Type Description
WEAVE Matrix of integers Binary description of the weave
BALANCED Boolean Defines if the weave is balanced (1) or unbalanced (0)
ORUC Boolean
Defines if the rUC to be determined is a OrUC (1) or the minimum rUC (0)
admissible
STRAINS
Matrix of doubles and
characters
Volume averaged strains to be applied. If a component is to be found as a result of
the analysis, a scalar c is prescribed in that component position.
4.5.2 Determination of the rUC - “rUC”
In the present section the scheme used to determine the rUC for a given input is detailed, Fig. 4.8.
It is composed by two procedures: “DETERMINE OrUC” and “DETERMINE MIN rUC”. Their
overall description is made in Sections 4.5.2.1 and 4.5.2.2. Specific operations performed within these
procedures are detailed in Section 4.5.2.3. Of these, the function “PHYS & LOAD EQ” is worth
highlighting. This function evaluates if a given domain E is an (O)rUC, it is central to both procedures
and therefore crucial to the algorithm, Fig. 4.8.
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Figure 4.8: Detailed fluxogram of the procedures “DETERMINE OrUC” and “DETERMINE MIN
rUC”
4.5.2.1 Determination of the OrUC - “DETERMINE OrUC”
In the “INITIALIZATION” procedure, the Selection Domain (SD), i.e. the domain within which the
OrUC is searched for, is defined as the UC and the sub-domain E assumed to be a single digit located
in the upper left corner of the SD. Next, the procedure “SELECT Eˆi” selects a set of sub-domains at
the boundary of E. The procedure “PHYS & LOAD EQ” checks if all the selected sub-domains are
physically and load equivalent to E, (with T = I). If not, a diﬀerent set of sub-domains is selected
and the procedure repeated. If all possible sets of sub-domains at the boundary of the sub-domain E
are tested without success, the given sub-domain is not a OrUC and the size of the sub-domain E is
increased - “INCREASE SIZE”. This process is repeated until a OrUC is found, i.e. for a given E all
sub-domains Eˆi of the set being considered are physically and load equivalent to E. In the worst case,
E will coincide with the SD, previously defined as the UC.
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4.5.2.2 Determination of the minimum rUC - “DETERMINE MIN rUC”
Having found an OrUC, existent symmetries within the OrUC are exploited to further reduce the
analysis domain. In the “INITIALIZATION” procedure, the OrUC is defined as the SD and E assumed
to be a single digit located in the upper left corner of the SD. Next, the procedure “SELECT Eˆi” selects
a set of sub-domains at the boundary of E. The procedure “PHYS & LOAD EQ” checks if all the
selected sub-domains are physically and load equivalent to E. If not, a new set Eˆi is selected and this
process repeated. In case all possible sets of Eˆi are unsuccessfully evaluated the position of E within
the selection domain is varied. Finally, if all possible locations and for each location all possible sets of
Eˆi are unsuccessfully evaluated the sub-domain size is increased - “INCREASE SIZE” - and the process
repeated for the new sub-domain E. If a rUC is found - all sub-domains Eˆi of the set being considered
are physically and load equivalent to E - the SD (previously the OrUC) becomes E. Additionally, if
the size in digits of any of sides of the newly found SD is an odd number, the weave representation is
magnified - “INCREASE MAG” and the new E is again assumed to be a single digit located in the
upper left corner of the SD. The procedure terminates when the rUC found coincides with the SD.
4.5.2.3 Details on the operations performed to determine the OrUC and the minimum
rUC
In this section the functions used by the procedures “DETERMINE OrUC” and “DETERMINE MIN
rUC” are detailed.
Selection of a set of sub-domains Eˆi at the boundary of E - “SELECT Eˆi”
Depending on the size and shape of a given sub-domain E, more than one set of sub-domains might
be possible to select at its boundary, Fig. 4.9. The sets having the smaller number of sub-domains
are evaluated first. This allows the minimization of the number of sub-domains that are necessary
to evaluate. Additionally, it also minimizes the number of sub-domains needed to consider in the
definition of the boundary conditions. In Fig. 4.9, case one has the minimum number of sub-domains
at the boundary, however two sub-domains, Eˆ1 and Eˆ3 are not physically equivalent to the sub-domain,
see Section 4.5.2.3. In cases two and four, all sub-domains at the boundary are physically equivalent
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to E. However, the transformations required by sub-domains Eˆ1 and Eˆ4 to be physically equivalent
to E are diﬀerent for the diﬀerent cases. Depending on the loading and symmetry requirements one
of the two cases (or both) might not be suitable.
Case  1
1 0 0 1 1 0 0
1 1 0 0 1 1 0
0 1 1 0 0 1 1
0 0 1 1 0 0 1
1 0 0 1 1 0 0
1 1 0 0 1 1 0
0 1 1 0 0 1 1
0 0 1 1 0 0 1
1 0 0 1 1 0 0
1 1 0 0 1 1 0
0 1 1 0 0 1 1
0 0 1 1 0 0 1
1 0 0 1 1 0 0
1 1 0 0 1 1 0
0 1 1 0 0 1 1
0 0 1 1 0 0 1
1 0 0 1 1 0 0
1 1 0 0 1 1 0
0 1 1 0 0 1 1
0 0 1 1 0 0 1
1 0 0 1 1 0 0
1 1 0 0 1 1 0
0 1 1 0 0 1 1
0 0 1 1 0 0 1
1 0 0 1 1 0 0
1 1 0 0 1 1 0
0 1 1 0 0 1 1
0 0 1 1 0 0 1
1 0 0 1 1 0 0
1 1 0 0 1 1 0
0 1 1 0 0 1 1
0 0 1 1 0 0 1
Case  1 Case  2 Case  3 Case  4
E E
Ê1
Ê2
Ê3
Ê4
Ê5
Ê6
Ê1
Ê2
Ê3
Ê4
E E
Ê1
Ê2
Ê3
Ê4
Ê5
Ê6
Ê1
Ê2
Ê3
Ê4
Ê5
Ê6
Figure 4.9: Diﬀerent possibilities for defining the sub-domains at the boundary
Increase the size of the sub-domain E - “INCREASE SIZE”
The increase in size of the sub-domain E is performed progressively while minimizing the sub-domain
area. It considers both square and rectangular sub-domains. The process is illustrated in Fig. 4.10a.
Increase the magnification of the selection domain - “INCREASE MAG”
The magnification of the binary representation is made by subdividing each digit of the selection domain
in four digits with the same value, see Fig. 4.10b. Together with the sub-domain selection procedure,
it enables any existent symmetries relative to the centre of the SD to be exploited. Moreover, it allows
sub-domains smaller than one digit to be considered.
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1 0 0 1
1 1 0 0
0 1 1 0
0 0 1 1
Area=1 Area=2 Area=3 Area=4
1 0 0 1
1 1 0 0
0 1 1 0
0 0 1 1
1 0 0 1
1 1 0 0
0 1 1 0
0 0 1 1
1 0 0 1
1 1 0 0
0 1 1 0
0 0 1 1
1 0 0 1
1 1 0 0
0 1 1 0
0 0 1 1
1 0 0 1
1 1 0 0
0 1 1 0
0 0 1 1
1 0 0 1
1 1 0 0
0 1 1 0
0 0 1 1
1 0 0 1
1 1 0 0
0 1 1 0
0 0 1 1
(a)
Sub-­‐domain  
E=1
Zoom
Sub-­‐domain  
E=1/4
1 0 0 1
1 1 0 0
0 1 1 0
0 0 1 1
1 1 0 0 0 0 1 1
1 1 0 0 0 0 1 1
1 1 1 1 0 0 0 0
1 1 1 1 0 0 0 0
0 0 1 1 1 1 0 0
0 0 1 1 1 1 0 0
0 0 0 0 1 1 1 1
0 0 0 0 1 1 1 1
(b)
Figure 4.10: (a) Progressive increase of the sub-domain area. For the same area more than one
sub-domain can be selected. (b) magnification of the weave representation
Evaluation of the physical and load equivalence between a domain E and a set of domains
Eˆi at its boundary - “PHYS & LOAD EQ”
To determine if two regions of the weave are physically equivalent (identical geometry and material
distribution) and the symmetry operations needed to achieve this equivalence it is necessary to: (i)
compare their binary representation, (ii) evaluate if their positions within the weave geometry are
equivalent. The later leads to the need of comparing domains larger than the sub-domains named
Comparison Domains (CDs). This is illustrated in Fig. 4.11. The sub-domains Eˆ3 and Eˆ4 have the
same binary representation of the domain E; if the position of the sub-domains within the weave was
not considered it could be concluded that they were physically equivalent, without the need of any
symmetry operation to obtain that equivalence. However, analyzing the weave geometry it is possible
to see the positions of the sub-domains Eˆ3 and Eˆ4 within the weave geometry are not equivalent.
A CD is defined such that: (i) it contains one complete UC; (ii) the sub-domain to be compared is
at its centre. The UC fully defines the weave geometry; having one complete UC within the comparison
domain ensures that the equivalence between the sub-domains positions within the weave geometry
can be assessed. Defining the CD in such way that the sub-domain is always at its centre facilitates
the comparison between transformed sub-domains, since symmetry operations do not alter the sub-
domain position within the comparison domain. Considering the upper left digit of the sub-domain
(for sub-domains with more than one digit) to be in the position i = 0, j = 0, the limits of the CD for
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any sub-domain are given by:

CDmaxi = UCsizei
CDmini = −
￿
UCsizei − sdsizei
￿ , and

CDmaxj = UCsizej
CDminj = −
￿
UCsizej − sdsizej
￿ , (4.30)
where UCsizek and sdsizek refer to the unit cell and sub-domain sizes, measured in number of digits,
on the directions k =i, j. For the case illustrated in Fig. 4.11 the UCsizei = UCsizej = 4 and
sdsizei = sdsizej = 1.
i\j -4 -3 -2 -1 0 1 2 3 4
-4 1 0 0 1 1 0 0 1 1
-3 1 1 0 0 1 1 0 0 1
-2 0 1 1 0 0 1 1 0 0
-1 0 0 1 1 0 0 1 1 0
0 1 0 0 1 1 0 0 1 1
1 1 1 0 0 1 1 0 0 1
2 0 1 1 0 0 1 1 0 0
3 0 0 1 1 0 0 1 1 0
4 1 0 0 1 1 0 0 1 1
Comparison  Domain
Ê1
Ê2
Ê3
Ê4
E
Figure 4.11: Comparison domain for the sub-domain at the position i = j = 0
The use of the comparison domains to assess the geometrical equivalence is illustrated in Fig.
4.12 for the sub-domains E and Eˆ3. For the sub-domain E in Fig. 4.12 the CD is given as in Fig.
4.11 and repeated in Fig. 4.12 for convenience. Using Eq. 4.30, the CD of the sub-domain Eˆ3 is
defined similarly and illustrated in Fig. 4.12. Figure 4.12 shows that the CDs of the two sub-domains
are diﬀerent. The next step is to find a transformation that can make them identical. In this case,
such a transformation exists and is defined by the matrix T given in Fig. 4.12. As shown in Fig.
4.12, the transformed CD Eˆ￿3 is identical to E and, therefore, physically equivalent. This procedure
is repeated for all sub-domains at the boundary of the original sub-domain E. After assessing the
physical equivalence, it is necessary to evaluate if the transformations obtained are admissible having
into account the loading requirements. This evaluation is performed by ensuring Eq. 4.24 holds for
all Ti and γi corresponding to the sub-domains Eˆi, having into account the transformations obtained
and the applied loading. This evaluation is exemplified using the sub-domains E and Eˆ3 of Fig. 4.12
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and an applied loading:
￿ε￿E =
￿
ε11 0 0
0 0 0
0 0 c

￿
, (4.31)
given in the local coordinate system (LCS) of the sub-domain E. A non-zero value is prescribed to
￿ε11￿, while ￿ε33￿ = c is computed as an output of the FE simulation, allowing Poisson ratio expansion
in the through-thickness direction. The LCS of the sub-domain Eˆ3 is related to LCS of E by T given
in Fig. 4.12; substituting it in Eq. 4.24 one obtains:
￿
ε11 0 0
0 0 0
0 0 c

￿
= γ
￿
ε11 0 0
0 0 0
0 0 c

￿
. (4.32)
Taking γ = 1, Eq. 4.32 holds. Therefore, for the applied loading ￿ε￿E and for transformation T
relating the LCSs of the two sub-domains, the loading equivalence between E and Eˆ3 is verified.
!"#$%&'(")*+"#%')*
,-./011*!"
!"#$%&'(")*+"#%')*
,-./011*#23*
!"#$%&'(")*+"#%')*
,-./011*#2*
1 0 0 1 1 0 0 
1 1 0 0 1 1 0 
0 1 1 0 0 1 1 
0 0 1 1 0 0 1 
1 0 0 1 1 0 0 
1 1 0 0 1 1 0 
0 1 1 0 0 1 1 
4
5
1 1 0 0 1 1 0 
0 1 1 0 0 1 1 
0 0 1 1 0 0 1 
1 0 0 1 1 0 0 
1 1 0 0 1 1 0 
0 1 1 0 0 1 1 
0 0 1 1 0 0 1 
5
4
1 0 0 1 1 0 0 
1 1 0 0 1 1 0 
0 1 1 0 0 1 1 
0 0 1 1 0 0 1 
1 0 0 1 1 0 0 
1 1 0 0 1 1 0 
0 1 1 0 0 1 1 
4
5
67*
8*
8* 8*
8*
8*
8*
67*
7*
9* :*
Figure 4.12: Comparison domains. Once transformed by T the comparison domain E￿3 is identical to
E, and therefore physically equivalent.
The transformation that leads to the sub-domain loading equivalence is searched within a set of
admissible symmetry operations. Due to the rectangular nature of the binary representation, only
mirroring on diﬀerent axis and straight angles rotations are allowed. Their combination leads to
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twelve independent transformations, eight when θ = 0 orπ and four when θ = π2 or
3π
2 :
Tθ=0 or π =

±1 0 0
0 ±1 0
0 0 ±1
 , Tθ=π2 or 3π2 =

0 ±1 0
±1 0 0
0 0 1
 . (4.33)
For θ = π2 or
3π
2 rotations, mirroring on the z direction is not admissible due to the orthogonal nature
of the weaves. If the warp yarns are not equivalent to the weft yarns (BALANCED = 0), θ = π2 or
3π
2
rotations are not allowed. Additionally, by assigning ORUC = 1, the user can choose to make the
analysis using an Oﬀset-reduced Unit Cell. This implies that no symmetry operations can be performed
and thus the matrix T is equal to the identity matrix.
4.5.3 Determination and implementation of the PBCs - “PBC”
In this section details are given on the steps needed to derive and apply PBCs to a FEM of a rUC,
the procedures “DETERMINE PBC” and “APPLY PBC”, respectively, Fig. 4.7.
4.5.3.1 Determination of the PBCs - “DETERMINE PBC”
As a result of the algorithm used to determine the (O)rUC, all variables needed to determine the PBCs,
Eq. 4.29, are known or can be readily determined. The sign of γ and the matrix T are obtained directly
from the equivalence evaluation. The vector xAˆ refers to the points at the common boundary between
the sub-domain being analyzed E and an adjacent sub-domain Eˆ. The vector xA, is determined by
Eq. 4.8 and comprises of the points equivalent to xAˆ also located at the boundary of E. Finally, since
the positions of all sub-domains are also known, the vector xOEˆ can be readily determined.
4.5.3.2 Implementation of the PBCs in a FEM - “APPLY PBC”
Periodic boundary conditions are imposed as displacement constraint equations, and written by the
algorithm directly in the input file to be analysed by the FE solver. The algorithm, selects automatically
the regions (nodes), at the boundary of the domain, that need to be coupled by the displacement
constraints. This information is then written in the input file to be analysed by the FE solver. This
selection is based on the values of xAˆ and xA obtained for the rUC being considered. Depending on the
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rUC considered, the displacement-constraint equations will couple diﬀerent regions: (i) diﬀerent faces,
(ii) regions belonging to the same face. In the first case, this implies the number of nodes on each face
has to be the same. Moreover, if no symmetry operations are involved, the nodes in each face must
be in identical positions. Often, the evaluation of the geometrical relation between equivalent points
dictates a certain symmetry operation on the coupling between nodes of opposite faces. In this case
the nodes do not necessarily need to be in identical positions, nevertheless their relative positions must
respect the symmetry operation given. Figure 4.13a exemplifies the coupling of two opposite faces,
with symmetry in the z direction (this can also be seen in the Fig. 4.14b faces 3 and 6). When the
displacement-constraint equation is applied to nodes of the same face, it is only necessary to guarantee
that the node distribution respects any symmetry operation given. In Fig. 4.13b this is exemplified
for a case where symmetry is prescribed in the x direction (this can also be seen in Fig. 4.15b face 3).
The ordered nature of the voxel meshing used guarantees the requirements above mentioned. If other
type of meshing is used, then the above requirements need to be considered carefully. Indeed, these
requirements hinder the use of free meshing procedures across the entire model, since the distribution
of the nodes is in general not controlled.
Parts of the boundary that belong to more than two sub-domains, (such as corners and edges) have
two or more equations being applied. This leads to a redundant system of equations. To avoid this,
these areas are considered separately and the linearly dependent equations are eliminated. The PBCs
are finally implemented in ABAQUS/Standard® using the keyword *Equation [104]. When using this
keyword each term can only be used once. In cases where symmetry exists, the nodes in the symmetry
axis, are coupled with themselves and thus repeated in the equation, Fig. 4.13b. To circumvent this
issue, these nodes are considered separately.
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x
z y
(a)
x
z
(b)
Figure 4.13: (a) Coupling of nodes belonging to diﬀerent faces, with symmetry in z, and (b) coupling
of nodes belonging to the same face, with symmetry in x.
4.6 Results
This section illustrates the application of the algorithm to a practical case: the analysis of a 2×2 Twill
woven ply.
4.6.1 Finite Element Analysis: 2× 2 Twill
Figures 4.14 and 4.15 show two rUCs obtained through the application of the algorithm: rUC1/8 and
rUC1/16. These rUCs reduce the analysis domain to 1/8 and 1/16 of the UC, respectively. Tables 4.7
and 4.8 show the admissible loadings for the two rUCs. It is interesting to notice that both rUCs have
the same load restrictions. Tables 4.9 and 4.10 list the geometrical relations between equivalent points
at the boundaries of the rUCs, illustrated in Figs. 4.14 and 4.15.
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Figure 4.14: rUC1/8: (a) Adjacent sub-domains, and (b) geometrical relations between equivalent
points at the boundary of the rUC.
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Figure 4.15: rUC1/16: (a) Adjacent sub-domains, and (b) geometrical relations between equivalent
points at the boundary of the rUC.
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Table 4.7: rUC1/8: admissible loadings cases and respective value of the load reversal factor.
Admissible loading γi
Case 1
 ε11 ε12 0ε21 ε22 0
0 0 ε33
 ￿ 1 1 1 1 1 1 ￿
Case 2
 0 0 ε130 0 ε23
ε31 ε32 0
 ￿ 1 −1 −1 1 −1 −1 ￿
Table 4.8: rUC1/16: admissible loadings cases and respective value of the load reversal factor.
Admissible loading γi
Case 1
 ε11 ε12 0ε21 ε22 0
0 0 ε33
 ￿ 1 1 1 1 ￿
Case 2
 0 0 ε130 0 ε23
ε31 ε32 0
 ￿ 1 1 −1 −1 ￿
Table 4.10: rUC1/16: geometrical relations between equivalent points at the boundaries; l, w and t are
respectively, the length width and and thickness of the rUC.
Eˆ1 Eˆ2 Eˆ3 Eˆ4
T
 −1 0 00 −1 0
0 0 −1
  −1 0 00 −1 0
0 0 −1
  −1 0 00 −1 0
0 0 1
  −1 0 00 −1 0
0 0 1

xOEˆ
 w0
0
  0l
0
  −w0
0
  0−l
0

xAˆ
 w2− l2 ≤ y ≤ l2− t2 ≤ z ≤ t2
  −w2 ≤ x ≤ w2l
2− t2 ≤ z ≤ t2
  −w2− l2 ≤ y ≤ l2− t2 ≤ z ≤ t2
  −w2 ≤ x ≤ w2− l2− t2 ≤ z ≤ t2

xA
 −xAˆ1 + w−xAˆ2
−xAˆ3

 −xAˆ1−xAˆ2 + l
−xAˆ3

 −xAˆ1 − w−xAˆ2
xAˆ3

 −xAˆ1−xAˆ2 − l
xAˆ3

The FE analysis was performed using ABAQUS/Standard. The loading given by Eq. 4.31 was
applied, with ε11 = 0.1. Three diﬀerent models were analysed: OrUC (defined in section 4.4.1), rUC1/8
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and rUC1/16. Voxel meshing was used, guaranteeing that the meshes of all models were exactly the
same; i.e. physically equivalent regions were meshed similarly. This would be harder to assure if
traditional meshing was used. Having identical meshes, the results obtained with the diﬀerent models
must be identical in order to confirm the boundary conditions are applied correctly. Figure 4.16 shows
the results obtained with the diﬀerent models are indeed identical. This can be further confirmed by
comparing the value of ε11 obtained with the diﬀerent domains along three paths defined on the surface
of the load aligned tow, Fig. 4.17. The oscillations/peaks are due to the unsmoothed nature of the
voxel mesh used, Fig. 4.16b. It can be observed that, as expected, these peaks are exactly the same
for all the models used. Figure 4.18 highlights the diﬀerence in computational time between models,
showing the importance of using rUC for the eﬃcient analysis of woven composites. This result is
particularly relevant since, due to the nature of the structure being analyzed, the loading constraints
of the smallest sub-domain are virtually not limiting for the analysis of this type of material.
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OrUC 
rUC1/8 
rUC1/16 
(a)
rUC1/16 : 3D view and mesh detail 
(b)
Figure 4.16: (a) ε11 contour plot for the 2 × 2 twill rUCs. The loading applied is given in Eq. 4.31.
(b) detail of the voxel mesh used.
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Figure 4.17: Paths 1-3 defined at surface of the longitudinal tow, similarly for diﬀerent domains, Fig.
4.16. The oscillations/peaks are due to the unsmoothed nature of the voxel descretization used and
are, as expected, exactly the same for the three models.
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Figure 4.18: Comparison between the computational time spent on the three models analysed: OrUC,
rUC1/8 and rUC1/16.
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4.7 Conclusions
A theoretical framework that enables the derivation of Periodic Boundary Conditions (PBCs) for the
analysis of domains smaller then the Unit Cells (UCs), named reduced Unit Cells (rUCs), by exploit-
ing non-orthogonal translations and symmetries within the UC was developed. A single equation is
proposed for the definition of periodic boundary conditions exploiting symmetries for any periodic
structure. The investment in defining the problem formally resulted in a simple and readily usable
formulation, when compared to other reference works. The method is applied to 2D and 3D woven
structures illustrating the potential of the rUC concept. Oﬀset reduced Unit Cells (OrUCs) are high-
lighted as a particular case with interesting features, allowing the analysis of domains smaller than the
UC without any load restrictions. Additionally, OrUCs are particularly suitable for the analysis of 2D
woven laminates, due to their invariance with layer shifts and nesting.
The formulation proposed is used to develop an algorithm that: (i) automatically selects the
smallest rUC for a given loading, (ii) determines and (iii) applies the appropriate PBCs to the finite
element model of the rUC. Coupled with a voxel meshing procedure, it enables the automatic modelling
and analysis of any 2D orthogonal weave. Albeit voxel meshing has advantages due to the ordered
nature of the mesh obtained, the algorithm can be integrated with any other meshing procedure.
Indeed, the primitives of the algorithm are general and can be used for more complex structures.
Results show time savings of 90% can be achieved in the analysis stage, just by exploiting symmet-
ries. In addition, time savings are also achieved in the modelling/meshing stages. Overall, the strategy
proposed is a clear step towards the systematic and eﬃcient numerical modelling of woven composites.
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Chapter 5
Numerical modelling of woven
composites: biaxial loading
5.1 Introduction
The experimental evidence presented in Chapter 3, shows that the damage morphology, at both lamina
and laminate level, is aﬀected by the weave architecture and geometry. Moreover, it highlights the
behaviour of tows as structural elements at the reinforcement level. Additionally, experiments also
suggest the support provided by the adjacent layers aﬀects the damage mechanisms and ultimate
strength [26]. Therefore, in order to correctly capture the physics of failure of woven composites, it
is necessary to: (i) explicitly model the weave architecture and geometry (ii) capture the beam-like
behaviour of the tows, while (iii) accounting for the potential changes in support provided by the
adjacent layers.
Numerical modeling has been extensively used to study the mechanical properties and failure of
woven composites [105]. Diﬀerent strategies can be found in literature to perform their numerical
analysis, e.g. [73, 74, 106]. Typically, a Finite Element Model (FEM) of a representative region is
developed at the meso-scale, distinguishing between tows and matrix, e.g. Fig. 5.1. One of the main
110
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advantages of this type of models is the possibility of obtaining an accurate and detailed stress-strain
field at the constituent level for any weave. These models can be used as part of multiscale algorithms
[107, 108], and/or to gain insight into the material deformation mechanisms at the reinforcement level,
e.g. [109]. This information can in turn be used in the development and optimization of materials,
and in the search of alternative/complementary modelling strategies.
In these models, failure is generally simulated through a nonlinear analysis that couples a damage
progression scheme, to capture the nonlinear response of tows and/or matrix prior to failure, and failure
criteria applied at the constituent (tow/matrix) level. Diﬀerent damage progression schemes/failure
criteria combinations can be found in literature [40, 42, 66, 75, 82, 109, 110]. Often they consist of
empirically adjusted stiﬀness degradation models, coupled with maximum stress criteria. As expected,
the choice of both damage progression scheme and failure criteria aﬀects the results [76]. No single
strategy as yet surfaced as generally applicable. Their choice should be made having into account the
material system being modelled (fibre/matrix), loading and environment.
Regarding loading, the majority of the works found in literature focus on tensile failure prediction,
[40, 42, 66, 75, 82, 109]. Few studies present compressive failure predictions [78] and virtually no works
present failure predictions under biaxial stress states.
Recently, increased attention has been given to the eﬀect of the support provided by the adjacent
layers on damage and failure, e.g. [34, 35, 111]. Previous works, both experimental [24, 26] and
numerical [32, 112, 113], suggested that this eﬀect, albeit relatively small in terms of stiﬀness, should
not be neglected when performing strength predictions. Despite these findings, this issue has been
often overlooked.
In the present work, a FEM of a woven composite was used to predict tensile/compressive failure
strength and obtain the failure envelope under biaxial loading. The model consists of a reduced
Unit Cell (rUC) of a 2×2 twill carbon-epoxy composite. The nominal weave architecture/geometry,
explicitly represented by the model, was obtained through the statistical analysis of micrographs of
samples of cured material. The reduced size of the model, obtained using the framework developed
in Chapter 4, allowed the mesh refinement of the tows, thus guaranteeing their bending response was
captured while still being computationally eﬃcient. The support provided by the adjacent layers is
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accounted for, as suggested by experimental evidence [24, 26]. Two practical cases of support (IP and
OP) are considered, which bound the support that a given layer can have in an actual laminate. The
numerical model accounts for the elasto-plastic response of the matrix, and the possibility of debonding
between tows and matrix. Final failure of the composite material is assumed to occur after failure
of the tows is detected using maximum stress and/or physically-based criteria [114]. The present
work concludes with the application of the model to predict the in-plane biaxial failure envelope, and
estimate the eﬀect of the support (IP/OP) on the failure predictions under diﬀerent loading ratios.
5.2 Numerical Modelling
5.2.1 Weave geometry and meshing
The numerical model developed consists of a rUC of a 2×2 twill weave, Fig. 5.1. It corresponds to
the nominal geometry of the 2 × 2 twill carbon-epoxy composite characterized in Section 3.2.1 and
here repeated for convenience, Table 5.1. The average values presented in Table 5.1 were used to build
the model. The model was developed in ABAQUS/Standard 6.10 [104]. The section of the tows was
assumed to have an elliptical shape and their path defined using a spline interpolation. Tows were
meshed using linear brick and wedge elements, C3D8I and C3D6, respectively. In order to capture the
bending response of the tows, six elements were used in the through-thickness direction, Fig. 5.1b.
The matrix was meshed using linear brick and tetrahedron elements, C3D8I and C3D4, respectively.
Overall the model has 141592 elements. The boundaries of the rUC, Fig. 5.1b, were meshed in a
regular fashion and respecting the symmetries needed to apply the correct boundary conditions to the
rUC, as discussed in the following section.
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Figure 5.1: (a) finite element model of the 2× 2 twill reduced Unit Cell (rUC), (b) detail of the mesh
at one of the faces of the rUC.
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Table 5.1: Characterisation of the material used. 30 measurements for each dimension were made
on micrographs obtained from samples of cured material. Average values ± standard deviation are
shown. UCl and UCw are, respectively, the length and width of the unit cell. g is the length of the
gap between adjacent tows; γ is the angle of the load aligned tow relative to the loading direction,
measured at the centre of the crimp region. b and t are, respectively, the width and thickness of a
cross-section of a tow.
2× 2 Twill: T300/920CX-3K, Areal density = 368 g/m2, Vf = 45%
Weave architecture - unit cell Crimp Region (CR) Tow
UCl = UCw = 8.36± 0.61mm g = 0.51± 0.007mm, γ = 6.4◦ ± 2.3◦ b = 1.58± 0.08mm, t = 0.15± 0.01mm
UCw 
UCl 
g ! 
b 
t 
5.2.2 Boundary Conditions
As referred in the previous section, the numerical model developed consists of a rUC of 2×2 twill
weave. Chapter 4 presented thoroughly the rUC concept and its applications to periodic structures
in general. In the present chapter the framework developed in Chapter 4 will be used to derive and
apply PBCs to the rUC chosen.
The rUC modelled, Fig. 5.2a, and rUC1/16 of Section 4.6, although physically diﬀerent, are identical
from the point of view of the application of PBCs: both enable the reduction of the analysis domain
to 1/16th of the UC, and lead to the same PBCs. Nevertheless, for the sake of completeness the
application of the framework and derivation of PBCs are illustrated again in this section. However, all
details regarding the derivation of the framework will be omitted, and the interested reader referred
to Chapter 4.
In an actual laminate, the relative shift between layers is in general not controlled, Fig. 5.3a. To
account for that, two configurations are considered: In-Phase (IP) and Out-of-Phase (OP), Figs 5.3b
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and 5.3c, respectively. These intend to represent practical cases of support, given by the adjacent
layers, that bound the support a given layer can have in an actual laminate. Therefore, in the IP/OP
case, the through-thickness boundary conditions are derived assuming a given layer is embedded in an
idealised laminate, where all layers in the through-thickness direction are In-Phase/Out-of-Phase, Fig.
5.4.
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(a) In-plane equivalent adjacent sub-domains, and respective
local coordinate systems. Equivalent points A and Aˆ of sub-
domains E and Eˆ1 are highlighted.
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(b) Geometric relations between equivalent points
at the lateral boundaries of the rUC used (sub-
domain E).
Figure 5.2: Adjacent equivalent domains, and geometric relations between equivalent points at the
lateral boundaries of the rUC used (sub-domain E).
(a) Random-stacked (b) In-Phase (IP) (c) Out-of-Phase (OP)
Figure 5.3: The relative shift between adjacent layers is in general not controlled, leading to a random-
stacked configuration (a). IP (b) and OP (c) intend to represent practical cases of support that bound
the support a given layer can have in an actual laminate.
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(c) rUC used (sub-domain E) and equivalent adjacent sub-domains
in an OP configuration, through-thickness.
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(d) Geometric relations between equivalent
points at top/bottom boundaries of the rUC
used in an OP configuration.
Figure 5.4: rUC used (sub-domain E) adjacent equivalent domains, and geometric relations between
equivalent points at the top and bottom boundaries for IP and OP laminates.
For a sub-domain to be a rUC, it has to be (i) physically equivalent to all other sub-domains
that compose the UC, and (ii) admissible, having into account the loading applied. Additionally,
it is convenient that the rUC selected is the smallest possible domain in which the analysis can be
performed. Two sub-domains E and Eˆ are physically equivalent if for every point A in E there is a
point Aˆ in Eˆ such that, for each physical property i:
xAE = x
Aˆ
Eˆ
∧ PiE (A) = PiEˆ
￿
Aˆ
￿
, (5.1)
and vice-versa (Chapter 4). The vectors xAE and xAˆEˆ are the coordinate vectors of the points A and Aˆ
given in the LCS associated with E and Eˆ, respectively, Fig. 5.2a. Each of the physical properties i are
expressed as a tensor P written in the Local Coordinate System (LCS) of the sub-domains E and Eˆ, i.e.
PiE and PiEˆ . Figures 5.2a, 5.4a and 5.4c show that the sub-domain chosen is physically equivalent to
all sub-domains at its boundary (in-plane and through-thickness) and consequently to all sub-domains
that compose the UC. The assessment of the physical equivalence also determines the relation between
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the LCS of each of the sub-domains. Assuming a position for the LCS, geometric centre of E in Fig.
5.2a, the positions of the LCS of the sub-domains Eˆi and the transformation matrices Ti between the
LCSs of Eˆi and E are defined to satisfy Eq. 5.1. The latter are summarized in the first two lines
of Table 5.2. The next step is to assess the load admissibility of the sub-domain chosen. A given
sub-domain E is admissible for the analysis of a periodic structure under a given loading represented
by the homogenised strain ￿ε￿, if Ti and γi correspondent to any other sub-domain Eˆi are such that,
for all Eˆi:
￿ε￿ = γiTi ￿ε￿Tti, (5.2)
where the load reversal factor, γi = ±1, is used to enforce equivalence between fields. Knowing Ti
given in Table 5.2, the evaluation of Eq. 5.2 can be trivially done and is summarized in Table 5.3. Two
admissible load cases and respective load reversal factors for each sub-domain Eˆi can be identified.
In each case, any component of the admissible loading can be applied simultaneously. In the present
study, all loads applied correspond to the first case. Having identified a potential rUC, and confirmed
its load admissibility, the periodic boundary conditions can be readily derived. The first step is to
determine the geometrical relations between equivalent points at boundary of the rUC. The latter is
obtained applying:
xAE = T
￿
xAˆE − xOEˆE
￿
(5.3)
to the boundary of the sub-domain. Equation 5.3 is derived from Eq. 5.1 (Chapter 4), and provides a
relation between the coordinate vectors of equivalent points of adjacent sub-domains, given in the LCS
of the sub-domain E. The matrix T is the transformation matrix between the LCS of the sub-domains
Eˆ and E; the vectors xAE and xAˆE are the position vectors of the equivalent points A and Aˆ, and x
OEˆ
E
is the position vector of the origin of the LCS of the sub-domain Eˆ, Fig. 5.2a. When applied to the
boundary of the sub-domain E, the vector xAˆE corresponds to the points at the boundary between the
sub-domain E and Eˆ, and the vector xAE will correspond to the equivalent points of xAˆE .
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Table 5.3: Admissible loading cases and respective value of the load reversal factor γi correspondent
to each adjacent sub-domain Eˆi for the two types stacking considered, IP and OP.
Admissible loading γi
Case 1
 ε11 ε12 0ε21 ε22 0
0 0 ε33
 ￿ 1 1 1 1 1 1 ￿
IP andOP
Case 2
 0 0 ε130 0 ε23
ε31 ε32 0
 ￿ −1 −1 1 1 1 1 ￿IPor￿ −1 −1 1 1 −1 −1 ￿
OP
The result of the application of Eq. 5.3 to the boundary of the rUC chosen is illustrated in Figs.
5.2b, 5.4b and 5.4d and summarized in the last couple of lines of Table 5.2. Finally, having established
the geometrical relation between equivalent points at the boundary, the PBCs can be obtained from,
(Chapter 4):
u (A)− γTu
￿
Aˆ
￿
= −￿ε￿TxOEˆ . (5.4)
Subsequently, the application of Eq. 5.4 to the rUC chosen, sub-domain E in Figs 5.2 and 5.4, is
exemplified. All variables used in the definition of Eq. 5.4 are provided in Tables 5.2 and 5.3. For the
admissible loading corresponding to Case 1 in Table 5.3, the application of Eq. 5.4 to the boundary
of E leads to:
1. for the boundary between E and Eˆ1:
u1
u2
u3

x=xA
+

u1
u2
−u3

x=xAˆ
=

ε11w
ε21w
0
 , (5.5)
with
￿
xAˆ | x = w2 , − l2 ≤ y ≤ l2 , − t2 ≤ z ≤ t2
￿
and
￿
xA | x = w2 , − l2 ≤ −y ≤ l2 , − t2 ≤ z ≤ t2
￿
.
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2. for the boundary between E and Eˆ2:
u1
u2
u3

x=xA
+

u1
u2
−u3

x=xAˆ
=

ε12l
ε22l
0
 , (5.6)
with
￿
xAˆ | −w2 ≤ x ≤ w2 , y = l2 , − t2 ≤ z ≤ t2
￿
and
￿
xA | −w2 ≤ −x ≤ w2 , y = l2 , − t2 ≤ z ≤ t2
￿
.
3. for the boundary between E and Eˆ3:
u1
u2
u3

x=xA
+

u1
u2
u3

x=xAˆ
=

−ε11w
−ε21w
0
 , (5.7)
with
￿
xAˆ | x = −w2 , − l2 ≤ y ≤ l2 , − t2 ≤ z ≤ t2
￿
and
￿
xA | x = −w2 , − l2 ≤ −y ≤ l2 , − t2 ≤ −z ≤ t2
￿
.
4. for the boundary between E and Eˆ4:
u1
u2
u3

x=xA
+

u1
u2
u3

x=xAˆ
=

−ε12l
−ε22l
0
 , (5.8)
with
￿
xAˆ | −w2 ≤ x ≤ w2 , y = − l2 , − t2 ≤ z ≤ t2
￿
and
￿
xA | −w2 ≤ −x ≤ w2 , y = − l2 , − t2 ≤ −z ≤ t2
￿
.
5. for the boundary between E and Eˆ5,
(a) IP case: 
u1
u2
u3

x=xA
−

u1
u2
u3

x=xAˆ
=

0
0
ε33t
 , (5.9)
with
￿
xAˆ | −w2 ≤ x ≤ w2 , − l2 ≤ y ≤ l2 , z = − t2
￿
and
￿
xA | −w2 ≤ x ≤ w2 , − l2 ≤ y ≤ l2 , z = t2
￿
.
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(b) OP case: 
u1
u2
u3

x=xA
−

u1
u2
−u3

x=xAˆ
=

0
0
−ε33t
 , (5.10)
with
￿
xAˆ | −w2 ≤ x ≤ w2 , − l2 ≤ y ≤ l2 , z = − t2
￿
and
￿
xA | −w2 ≤ x ≤ w2 , − l2 ≤ y ≤ l2 , z = − t2
￿
.
Since, xAˆ ≡ xA, Eq. 5.10 can be simplified to:
u3 =
−ε33t
2
. (5.11)
6. for the boundary between E and Eˆ6:
(a) IP case: 
u1
u2
u3

x=xA
−

u1
u2
u3

x=xAˆ
=

0
0
−ε33t
 , (5.12)
with
￿
xAˆ | −w2 ≤ x ≤ w2 , − l2 ≤ y ≤ l2 , z = t2
￿
and
￿
xA | −w2 ≤ x ≤ w2 , − l2 ≤ y ≤ l2 , z = − t2
￿
.
Notice that Eq. 5.9 is equal to Eq. 5.12, since they couple the same boundaries (between E
and Eˆ5, and E and Eˆ6).
(b) OP case: 
u1
u2
u3

x=xA
−

u1
u2
−u3

x=xAˆ
=

0
0
ε33t
 , (5.13)
with
￿
xAˆ | −w2 ≤ x ≤ w2 , − l2 ≤ y ≤ l2 , z = t2
￿
and
￿
xA | −w2 ≤ x ≤ w2 , − l2 ≤ y ≤ l2 , z = t2
￿
. Since,
xAˆ ≡ xA, Eq. 5.13 can be simplified to:
u3 =
ε33t
2
. (5.14)
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5.2.3 Constitutive modelling
5.2.3.1 Properties of the constituents
Tows are assumed to consist of an orthotropic material, with the material orientations following the
central-line of the tow. From the FEM the Vf of the tows is approximately 70%. This value com-
pensates, for errors in discretization and due to the modelling of resin rich regions between transverse
tows, not present in the actual composite. The properties of the tows were obtained based on the char-
acterization of the unidirectional composite T300-920 made in [115] and are given in Table 5.4. The
matrix is assumed to consist of an isotropic material, with properties given by the material supplier,
Table 5.5.
Table 5.4: Tow properties, Vf = 70%, after [115].
E11 E22 G12 ν12 ν23 XT XC YT ST SL
[GPa] [GPa] [GPa] [MPa] [MPa] [MPa] [MPa] [MPa]
160.20 9.82 4.68 0.31 0.29 2002 -1677 85 82 176
Table 5.5: Matrix Properties, obtained from supplier (Hexcel).
E ν XT XC
[GPa] [MPa] [MPa]
3760 0.39 35 290
5.2.3.2 Plasticity of the pure matrix region
In the present work, the elasto-plastic response of the pure matrix region, Fig. 5.1a, is modelled using
a linear Drucker-Prager plasticity model with hardening. Drucker-Prager model was chosen due to its
capability to capture two important features of polymeric resins: (i) the pressure-dependent yield, and
(ii) the diﬀerent yield response under tensile and compressive loading. Following the nomenclature
used in [104], the model can be written as:
F = t− p tanβ − d, (5.15)
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where p is the hydrostatic pressure, tanβ is the slope of the linear yield surface in the p − t stress
plane, d is the eﬀective cohesion of the material and t is a pseudo-eﬀective stress:
t =
1
2
q
￿
1 +
1
K
−
￿
1− 1
K
￿￿
r
q
￿3￿
, (5.16)
where K is defined as the the ratio of the yield stress in triaxial tension to the yield stress in triaxial
compression, q is the von Mises equivalent stress and r is the third invariant of deviatoric stress. The
parameters used to define the model are provided in Table 5.6.
Table 5.6: Parameters used to define the linear Drucker-Prager plasticity model. ψ is the dilation
angle, associated flow results from setting β = ψ. The values used were based on published values for
epoxy resins [116].
β K ψ d
54◦ 0.778 54◦ 30 [MPa]
5.2.3.3 Debonding between tows and matrix
In the present study, the possibility of debonding between tows and matrix was accounted for and
modelled through the definition of cohesive contact between them. Damage initiation was modelled
using a quadratic stress criterion:
￿ ￿tn￿+
t0n
￿2
+
￿
ts
t0s
￿2
+
￿
tt
t0t
￿2
= 1, (5.17)
where tn, ts and tt are normal and shear tractions at the interface. The constants t0n, t0t and t0s are
the peak values of the interface traction when the separation is either purely normal to the interface
or purely in the first or the second shear direction, respectively. Lastly, the McCauley brackets are
defined as ￿x￿+ = max {0, x}. Damage propagation is modelled using a standard bilinear law. The
mixed mode response was defined using the Benzeggagh-Kenane criterion [117]:
GC = GCn +
￿
GCs −GCn
￿￿GS
GT
￿η
, (5.18)
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where GS = Gs + Gt, GT = Gn + GS and η is a cohesive property parameter. The variables Gn, Gt
and Gs denote the work per unit area done by the tractions and their conjugate separations in the
normal, first, and second shear directions, respectively. The parameters used to define the cohesive
surface contact are provided in Table 5.7.
Table 5.7: Properties used to define the cohesive surface contact (typical for UD carbon-epoxy ply
interfaces [118]) . The Ki, define the initial linear elastic behaviour; t0i are the peak values of the
contact stresses; Gi are the critical energy release rates. The index i denote the normal, first and
second shear directions, respectively. These are typical values for interface between UD plies,
Kn = Ks = Kt t0n t
0
t = t
0
s Gn Gt = Gs
[N.mm−3] [MPa] [MPa] [mJ.m−2] [mJ.m−2]
105 50 80 0.21 0.8
5.2.4 Final failure
In the present work, compressive and tensile failure is predicted using two diﬀerent sets of failure
criteria: maximum stress and physically-based. Both sets of criteria are applied at the tow level. The
material is assumed to fail when failure of the tows is detected using one of the referred criteria.
5.2.4.1 Maximum Stress
The maximum stress criteria compares directly the measured strengths of a given material with the
applied stresses. Therefore, compressive failure is predicted when:
FIC = −σ11
XC
= 1, forσ11 < 0, (5.19)
where XC is the longitudinal compressive strength of the tow. Tensile failure is predicted similarly:
FIT =
σ11
XT
= 1, forσ11 > 0, (5.20)
where XT is the longitudinal tensile strength of the tow
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5.2.4.2 Physically-based
The physically-based criteria diﬀer from the maximum stress criteria in that diﬀerent failure modes
are considered separately and the equations used to predict failure are derived from the physics of the
failure process [114]. Longitudinal compressive failure is predicted using a kinking criterion [114]. The
use of such criterion to predict compressive failure of woven composites is in agreement with what is
found experimentally, where compressive failure is seen to occur by kinking of the load-aligned tows,
Chapter 3. Kinking is predicted when [114]:
FIKINK =
￿
τm23
ST − ηTσm22
￿2
+
￿
τm12
SL − ηLσm22
￿2
+
￿ ￿σm22￿+
YT
￿2
= 1, (5.21)
where ST and SL are the transverse and longitudinal shear strengths, and YT is the transverse tensile
strength. The variables ηT and ηL are the slope or friction coeﬃcients. The latter increase the
respective shear strengths in the presence of a compressive normal traction and reduce the respective
shear strengths in the presence of a tensile normal traction, Table 5.8.
Table 5.8: Typical values for the friction coeﬃcients and initial misalignment angle for UD carbon-
epoxy composites [114].
ηT ηL ϕ0
0.2867 0.082 2.68◦
The stress components in the misaligned frame in Eq. 6.60 are given by:

σm22 = σ11 sin
2 ϕ+ σ22 cos2 ϕ− τ122 sinϕ cosϕ
τm12 = −σ11 sinϕ cosϕ+ σ22 sinϕ cosϕ+ τ12
￿
cos2 ϕ− sin2 ϕ￿ .
τm23 = τ23 cosϕ− τ31 sinϕ
(5.22)
The misalignment angle ϕ is the sum of an initial misalignment angle ϕ0, a material property, and the
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shear strain γm0 expressed in a coordinate system aligned with ϕ0 [114]:
ϕ = sign (τ12)ϕ0 + γm0 . (5.23)
In the present work the shear strain γm0 is considered to be a linear function of the shear stress applied,
and is obtained by [114]:
γm0 =
ϕ0G12 + |τ12|
G12 + σ11 − σ22 . (5.24)
Tensile failure is predicted using the maximum stress criterion mentioned before.
5.3 Applications
5.3.1 Stress analysis: In-Phase (IP) vs Out-of-Phase (OP)
In the present section, the general diﬀerences between IP and OP configurations are highlighted. All
results presented in this section were obtained for a homogenised strain applied
￿
εGGS11
￿
= −0.005.
Large displacements formulation was used; both tows and matrix were considered to be linear elastic
and no damage was modelled.
Figures 5.5 and 5.6 show that the magnitude and gradient (across the thickness) of the direct stress
σLCS11 is larger for the IP than for the OP case. In addition, the magnitude of the shear stress τLCS12
is significantly higher in the IP case, Figs 5.7 and 5.8. These diﬀerences are due to the larger tow
bending verified in the IP case. In the latter, all load-aligned tows from adjacent layers displace in a
similar fashion. In contrast, for the OP case, the through-thickness deformation of the load-aligned
tows of adjacent layers is equal and opposite, mutually reducing their eﬀects. This cancelling eﬀect
can be identified in Fig 5.9 where tensile/compressive loads applied at the top and bottom surface of
the rUC by the load-aligned tows of the adjacent layers are evident.
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Figure 5.5: Comparison between the stress field σLCS11 obtained, close to the crimp region of a load-
aligned tow, for IP and OP cases. The stress components are given in the LCS, represented in the
figure, whose direction 1 follows the central-line of the tow. The homogenized strain applied was￿
εGCS11
￿
= −0.005 given in the GCS represented in the figure.
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Figure 5.6: Comparison between the stress σLCS11 at the centre of the tow section along the top and
bottom surfaces, for IP and OP cases.
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Figure 5.7: Comparison between the stress field τLCS12 obtained, close to the crimp region of a load-
aligned tow, for IP and OP cases. The stress components are given in the LCS, represented in the
figure, whose direction 1 follows the central-line of the tow. The homogenized strain applied was￿
εGCS11
￿
= −0.005 given in the GCS represented in the figure.
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Figure 5.8: Comparison between the stress τLCS12 along the centre of the tow section, for IP and OP
cases.
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Figure 5.9: Comparison between the stress fields σGCS33 and σLCS22 obtained for IP and OP cases. The
homogenized strain applied was
￿
εGCS11
￿
= −0.005 , given in the GCS represented in the figure. The
stress in the matrix is given in the GCS. The stress in the tows is given in LCS of each tow.
5.3.2 Constitutive response and failure prediction
In the present section, the constitutive responses and failure strengths obtained numerically are com-
pared to experiments. The latter were obtained following the ASTM and IC standards for tensile and
compressive testing, respectively [119, 120], using 5 specimens for each loading case.
Tension
In the tensile case, the constitutive response is well captured apart from the slight stiﬀening verified
experimentally, Fig 5.10a. The failure stress predicted in the IP case is lower than in the OP case. Using
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the maximum stress criterion, the range of both failure strain and stress is well predicted. Averaging
the predictions obtained with the IP and OP cases, failure stress is under-predicted by ∼ 1%, Fig.
5.10b.
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Figure 5.10: Comparison between constitutive responses and tensile strengths predicted numerically
and obtained experimentally. Failure is determined using a maximum stress criteria.
Figure 5.11 shows the damage initiation locus predicted at failure in tension. Failure is assumed to
occur when the failure index FIT , Eq. 5.20, reaches one. In both cases, IP and OP, failure is predicted
to occur in the same region: surface of the load-aligned tow near the crimp region, where σLCS11 is
maximum.
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Figure 5.11: Failure index at failure in tension of the maximum stress criteria (FIT )
Finally, the eﬀect of modelling damage prior to final failure on the tensile strength is assessed.
Figure 5.12 shows the deviation between experiments and numerical predictions obtained with four
diﬀerent test cases. In the baseline case (BASELINE) all constituents are considered to have a linear
elastic response until failure. The remaining cases illustrate the eﬀect of including in the baseline
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case the plastic response of the matrix (PLAST), the possibility of debonding between tows and
matrix (DEB), or both (PLAST+DEB). Modelling the plastic response aﬀects similarly the IP and
OP results, and leads to a decrease in the maximum strength predictions (PLAST). Accounting for the
tow/matrix debonding seems to aﬀect more significantly IP rather than OP results (DEB). Overall,
modelling the plastic response of the matrix and/or debonding between tow and matrix changes the
strength prediction and leads to an improvement in accuracy.
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Avg 
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IP 
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Figure 5.12: Eﬀect of modelling damage prior to final failure on the tensile strength predictions. The
bars represent the deviation between experiments and numerical predictions made with IP and OP
models, and their average (Avg). The results were obtained for four test cases: BASELINE - no
damage is modelled, all constituents are considered to be linear elastic materials until failure; PLAST
- includes in the baseline model the plastic response of the matrix; DEB - includes in the baseline
model the possibility of tow/matrix debonding; PLAST + DEB - combines PLAST and DEB.
Compression
In compression, the variability of the constitutive response is higher than in tension, Figs. 5.13a
and 5.13b. The numerical model captures well the stiﬀer constitutive responses, Fig. 5.13a. As
referred previously, two diﬀerent criteria were used to predict compressive failure: maximum stress
and physically-based [114]. Figure 5.13a shows that, in the IP case, the physically-based criterion is
slightly more conservative. The opposite occurs in the OP case where the maximum stress criterion
is more conservative. Therefore, the physically-based failure criterion predicts a wider range of failure
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stresses and strains, Figure 5.13a. Averaging the IP and OP results, the physically-based failure
criterion and the maximum stress criterion under-predict the compressive strength by ∼ 4% and 14%,
respectively, Fig. 5.13b.
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Figure 5.13: Comparison between constitutive responses and compressive strengths predicted numeri-
cally and obtained experimentally. Failure is determined using two diﬀerent criteria: maximum stress
and physically-based.
The maximum stress criterion predicts similar failure locations for both cases, IP and OP, corre-
sponding to the regions where σLCS11 is minimum, Fig. 5.14a. However, the physically-based criterion
predict diﬀerent failure locations for the IP and OP models. Figure 5.14b shows that in the IP case
FIKINK , Eq. 6.60, reaches one at the centre of the tow, while in the OP case FIKINK is one at the
surface of the tow near the crimp region, where σLCS11 is minimum.
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Figure 5.14: Failure indexes at failure in compression of the two set of criteria used: maximum stress
(FIC) and physically-based (FIKINK).
Similarly to what was previously shown for tension, the eﬀect of modelling damage prior to final
failure on the compressive strength was also assessed. The same four test cases were used, BASELINE,
PLAST, DEB and PLAST+DEB. Results are shown in Fig. 5.15. Contrarily to the tensile case,
modelling damage prior to failure has in this case a small eﬀect on the predicted compressive strength.
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Figure 5.15: Eﬀect of modelling damage prior to final failure on the compressive strength predictions.
The bars represent the deviation between experiments and numerical predictions made with IP and
OP models, and their average (Avg). The results were obtained for four test cases: BASELINE - no
damage is modelled, all constituents are considered to be linear elastic materials until failure; PLAST
- includes in the baseline model the plastic response of the matrix; DEB - includes in the baseline
model the possibility of tow/matrix debonding; PLAST + DEB - combines PLAST and DEB.
5.3.3 Biaxial loading and failure envelope generation
Figure 5.16 shows the biaxial failure envelope obtained using the physically-based failure criteria. The
dashed vertical line separates failure in tension from failure in compression. For tension/tension (first
quadrant) the predicted material strength is seen to increase slightly with increase in the ratio between
the loading applied in the two directions. An opposite trend is verified for both tension/compression
(fourth/second quadrants) and compression/compression (third quadrant). Figure 5.16 also shows
that the diﬀerence between the results obtained for the IP and OP cases varies with quadrant, having
the maximum value for tension/compression (fourth/second quadrants) and the minimum in for ten-
sion/tension (first quadrant). For compression/compression (third quadrant) the diﬀerence between IP
and OP results reduces with the increase in the ratio (in absolute terms) between the loading applied
in the two directions.
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Figure 5.16: Biaxial failure envelope. Obtained using the physically-based failure criteria.
5.4 Discussion
5.4.1 Stress analysis: In-Phase (IP) vs Out-of-Phase (OP)
The comparison between the stress distributions obtained with IP and OP models shows that the
eﬀect of the support provided by the adjacent layers can not be neglected. Overall, the IP case shows
greater tow bending compared with the OP case, which significantly aﬀects the stress field obtained.
This change in the stress field is well illustrated by the diﬀerence between maximum values of τLCS12
verified in the two cases: the maximum τLCS12 obtained in the IP case is approximately six times higher
than the one obtained in the OP case, Fig. 5.8.
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5.4.2 Constitutive response and failure prediction
Results show that the predicted constitutive responses, in both tension and compression, agree well
with the experimental results. In tension, the slight stiﬀening verified experimentally, and not cap-
tured numerically, is possibly due to the stiﬀening of the fibres [39] not represented in the model. In
compression, the diﬀerences found are possibly due to the small bending always when using standard
specimens under compression.
In both tension and compression, the failure stresses predicted by the IP case are smaller than the
predicted by the OP case. The diﬀerence between the two cases, IP and OP, is higher in compression
than in tension. The latter suggests failure in compression is more aﬀected by the support provided by
the adjacent layers than failure in tension. Averaging the failure stresses obtained with the two cases,
OP and IP, and using a physically-based failure criteria, the compressive and tensile failure stresses
are predicted with an error of less than 4%.
One of the advantages of detailed numerical models is the insight gained into the failure morphology
such has the failure locus. In tension, failure is detected in the same region for both cases: surface
of the load-aligned tow near the crimp region where σLCS11 is maximum. In compression, failure is
predicted in the crimp region area. However, the locus predicted by the physically-based criterion is
diﬀerent between IP and OP cases. This diﬀerence is caused by the higher shear stress verified at the
centre of the crimp region due to bending of the tow in the IP case, highlighted in Figs. 5.7 and 5.8,
which causes the kinking of the tow at this region.
The eﬀect of modelling damage prior to final failure was more significant in tension than in com-
pression. Indeed, only in the tensile case delamination between tows and pure matrix regions started
prior to the failure of the individual tows being detected. Nevertheless, final failure was detected before
delamination was fully formed. Albeit its relatively small eﬀect on the overall results of the present
study, depending on the material system/loading, delamination might have a more significant role.
Also the plastic deformation of the matrix had a more significant role in tension than in compression.
Overall, modelling damage prior to final failure in tension contributed to the increase in the accuracy of
the failure strength predictions. It is relevant to highlight that other material systems, and/or loading
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modes might require the modelling of damage modes not explicitly considered in this study, such as
tow transverse cracking [10].
5.4.3 Biaxial loading and failure envelope generation
Numerical results show that the predicted strength varies with the biaxial loading ratio. Additionally,
results also show that the eﬀect of the out-of-plane support provided by the adjacent layers varies
significantly with the biaxial loading ratio. Since, in general, the shifting between adjacent plies is not
controlled, this suggests that considerable variability in the material strength should be expected for
biaxial loading ratios where the eﬀect of the out-of-plane support is higher (tension/compression). It
is important to highlight that the insight gathered on the variability of the material strength, and how
it is expected to vary with loading, can not be obtained using traditional failure criteria applied at
the macro-scale. This suggests the relevance of the stochastic/parametric approaches, that explicitly
account for the variability of the material observed at the meso-scale.
5.5 Conclusions
A numerical model consisting of a reduced Unit Cell (rUC) of a 2×2 twill geometry has been developed.
The reduced size of the analysis domain enabled the detailed modelling of tows and matrix. Two cases
of support were considered, In-Phase (IP) and Out-of-Phase (OP), that bound the support a given
layer can have within a laminate. The following conclusions can be drawn:
• The support provided by the adjacent layers (IP vs OP) aﬀects significantly the stress fields
obtained and can not be neglected.
• Accounting for damage prior to final failure, namely matrix plasticity and tow/matrix debonding,
has a more significant eﬀect in tension than in compression and leads to an improvement in the
accuracy of the failure strengths prediction.
• Failure predictions show good agreement with experiments, particularly when physically-based
failure criteria are used. Additionally, the detailed modelling at the reinforcement level enables
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to gather insight on the predicted damage morphology at failure.
• Both predicted failure strength and eﬀect of the out-of-plane support were seen to vary with the
biaxial loading ratio. Since, in general, the shifting between adjacent plies is not controlled, sig-
nificant variability in the material strength should be expected for biaxial loading ratios where the
eﬀect of the out-of-plane support is higher: tension/compression and compression/compression.
This type of information, expensive to obtain experimentally, can be extremely useful both for
the user and the material developer, highlighting the relevance of the approach proposed.
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Chapter 6
Analytical modelling of the
compressive and tensile response of
woven composites
6.1 Introduction
Analytical models to predict failure of woven composites can be broadly divided into meso- and macro-
scale models. In macro-scale models, no distinction is made between reinforcement and regions of pure
matrix. The composite lamina or laminate is regarded as an orthotropic material, defined by its
homogenized properties. In meso-scale models, reinforcement and matrix are distinguished, and their
geometry and properties considered independently. Few macro-scale models can be found specifically
developed for woven composites, e.g. [58, 121]. Macro-scale models have as main advantages their
simplicity, as well as capability to be adapted to diﬀerent reinforcements geometries and types, provided
the mechanical tests that define them are performed. Their main disadvantage is that, since the
reinforcement is not modelled explicitly, the actual damage mechanisms are not captured, leading
to an arguable lack of physical representativeness. Indeed, the results from Chapter 3 show that,
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to capture the physics of failure of woven composites, the weave architecture/geometry should be
explicitly considered, both at lamina and laminate level. Another disadvantage is that any change on
the reinforcement geometry requires new mechanical tests to calibrate the models.
Meso-scale models represent the geometry of the internal reinforcement explicitly. To do so, various
approaches have been proposed, with diﬀerent degrees of complexity [31, 36, 59, 60, 71, 72, 122]. In
general, they are able to provide insight on the stress and strain fields within the reinforcement.
Knowing the strains and stresses within tows and matrix (or their equivalent), failure prediction is
normally made using a failure criteria applied at the constituent level, i.e to tows and matrix, sometimes
coupled with a progressive damage approach. Tows are typically regarded as an UD composite, and
the matrix as an isotropic material. In this approach, the eﬀect of the internal reinforcement on the
damage mechanisms and failure is explicitly determined. However, the detailed modelling often leads
to a complex formulation and narrower range of application (e.g only one weave type).
The meso-scale models from Tan et al. [71] and Naik et al. [72], proposed for plain weave composites,
are worth highlighting, as they share a similar approach to the one proposed herein. Both models are
based on a beam supported by an elastic foundation. The load-aligned tow is considered to be an UD
composite, and modelled as an Euler-Bernoulli beam. Tan et al. [71] focus on predicting tensile failure.
The authors assume the load-aligned tow has a sinusoidal shape. The elastic foundation is introduced
to model the supporting eﬀect of the matrix; the support provided by the transverse tows, as well as
the eﬀect of the presence of adjacent layers (on the through-thickness direction) are neglected. Naik
et al. [72] present a similar formulation applied to the prediction of the compressive failure strength.
The authors discretize the beam in several elements and calculate the elastic foundation and the load
distribution for each element. The contributions of matrix and transverse tow to the elastic foundation
are both accounted for. Additionally, they also account for the support provided by the adjacent layers
by considering two diﬀerent cases of shifting between adjacent plies. Both approaches [71, 72] assume
that the elastic foundation provides normal support only, and do not consider explicitly the eﬀect of
the deflection of the adjacent tows (in-plane and through-thickness). Moreover, the distributed force
provided by the elastic foundation is assumed to be directly proportional to the deflection of the tow.
Following the works from Tan et al. [71] and Naik et al. [72], the analytical model proposed is also
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based on a beam supported by an elastic foundation. The elastic foundation is considered to provide
not only normal support, but also shear support to the load-aligned tow. Its characteristics are derived
from kinematic models for the deformation of the weave, and are a function of: (i) weave architecture,
(ii) the case of through-thickness support provided by the adjacent layers being considered (in-phase
or out-of-phase), and (iii) properties of both matrix and transverse tow. The kinematic models used
lead to a formulation where the distributed force exerted on the tow is proportional not only to the
deflection of the tow but also to the first and second derivative of the deflection. To assist the validation
of the analytical model, the numerical model developed in Chapter 5 for a 2 × 2 twill carbon-epoxy
composite was used. Numerical and analytical results for the local stresses along the load-aligned tow
are compared in Section 6.4. Also in Section 6.4, the constitutive response and final failure predicted
analytically is compared with experimental results obtained for uniaxial tension and compression.
Finally, discussion and conclusions are drawn in Sections 6.5 and 6.6, respectively.
6.2 Analytical Model
The analytical model consists of an Euler-Bernoulli beam under axial tension/compression supported
by an elastic foundation, Fig. 6.1. The beam represents the load-aligned tow and is regarded as an
UD composite. The elastic foundation provides normal and shear support. As referred previously, the
properties of the elastic foundation are derived from kinematic models for the deformation of the weave,
and are a function of: weave architecture, support provided by the adjacent layers and properties of
matrix/transverse tow. The present section starts with the definition of the geometry and boundary
conditions of the model. Subsequently, the incorporation of the eﬀects of the weave architecture and
the diﬀerent cases of through-thickness support are discussed. The governing diﬀerential equation is
then derived and solved analytically. Finally, this section concludes with the characterization of the
2D woven composite used to validate the model developed.
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6.2.1 Model geometry and boundary conditions
The geometry and boundary conditions of the model are a function of the weave architecture being
considered. The analytical framework presented will be validated for a n × n twill weave, where n is
an integer number. However, the methodology proposed is general and can be extended to other 2D
woven composites, namely plain weaves and nH satin.
6.2.1.1 n× n Twill
Exploiting existing symmetries, it is possible to define a 2D representative model of a n × n twill
weave consisting of half a sinusoidal beam connected with a straight beam, Fig. 6.1. The size of each
beam, LA and LB , and the vertical distance from the axis of the straight beam to the origin of the
Global Coordinate System (GCS), v in Fig. 6.1, are determined so as to represent the geometry of the
load-aligned tow. The centre line of the tow, given in the GCS of Fig. 6.1, can be written as:

w0 (x) = v sin
￿
xπ
2LA
￿
0 ≤ x ≤ LA
w0 (x) = v LA < x ≤ L
. (6.1)
where L = LA +LB . The boundary and continuity conditions corresponding to two connected beams
simply supported in A and roller-clamped in B are given in Table 6.1.
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x,1 
v 
y,2 
LB LA 
Region A Region B 
GCS 
LCS 1 
2 
w0 
L 
Figure 6.1: Geometry of the analytical model of a y × y twill weave, and definition of the coordinate
systems used: Global Coordinate System (GCS) and Local Coordinate System (LCS). The LCS is
defined such that direction 1 follows the tow centre-line. Compressive loading is shown in the figure,
but the model is equally valid for tension.
Table 6.1: Boundary conditions of the model represented in Fig. 6.1.
x = 0 x = LA x = L
wA = 0 wA = wB , dwAdx =
dwB
dx
dwB
dx = 0
d2wA
dx2 = 0
d2wA
dx2 =
d2wB
dx2 ,
d3wA
dx3 =
d3wB
dx3
d3wB
dx3 = 0
6.2.2 Weave architecture
The weave architecture naturally aﬀects the response of the woven composite under loading. In-plane
adjacent tows (of the same woven layer) aﬀect the deflection of each other through the shearing of the
matrix connecting them, Fig. 6.2. Knowing the deflection of each tow, the shear strain of the matrix
CHAPTER 6. ANALYTICAL MODELLING OF THE COMPRESSIVE AND
TENSILE RESPONSE OF WOVEN COMPOSITES 143
connecting two adjacent tows Tc (central tow) and Tl (left tow) can be approximately obtained by:
γcl =
wc (x)− wl (x)
g
, (6.2)
where w is the deflection, the subscripts c and l denote central and left tow, respectively and g is the
gap between adjacent tows. Similarly, the shear strain of the matrix connecting Tc and Tr (right tow)
can be estimated by:
γcr =
wc (x)− wr (x)
g
, (6.3)
where the subscript r denotes the right tow.
g 
wc 
wr !cr 
!cl wl 
Tl Tc Tr 
Figure 6.2: Shearing of the matrix connecting two in-plane adjacent tows, (of the same woven layer).
As defined in Chapter 4, physical and load equivalent points have the same physical properties and
respond upon loading in an identical fashion. Analysing Fig. 6.3, it is possible to see that the tow
Tl at each section x is equivalent to the central tow Tc at a section (L − x). Similarly, the tow Tr
at each section x is equivalent and symmetric to the central tow Tc at a section (L − x). Since the
points are physical and load equivalent, upon loading these relationships are maintained. Therefore,
the deflections of the adjacent tows, wr (x) and wl (x), can be related to the deflection of the central
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tow, wc (x), as follows: 
wl (x) = wc (L− x)
wr (x) = −wc (L− x)
. (6.4)
Cut A, x = 0  
Cut B, x = L/2 
Cut C, x = L  
x 
Tl Tc Tr 
wl (0) = wc(L) wr(0) = -wc(L) wc(0) 
wc(L/2) 
wc(L) 
wr(L/2) = -wc(L/2) 
wr (L) = -wc(0) 
wl (L/2) = wc(L/2) 
wl (L) = wc(0) 
Cut A, x = 0 
Cut B, x = L/2 
  
Cut C, x = L  
L 
dcl dcr 
t 
y 
Figure 6.3: Illustrates that the positions of equivalent points on the central tow and on the adjacent
tows can be related by Eq. 6.4.
Knowing the shear strain, Eqs. 6.2 and 6.3, the distributed force transmitted to Tc by Tr and Tl
can be obtained by:
pweave = dcl (x)Gm
(wc (x)− wl (x))
g
+ dcr (x)Gm
(wc (x)− wr (x))
g
, (6.5)
where Gm is the shear modulus of the matrix. The variables dcl (x) and dcr (x), Fig. 6.3, represent an
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eﬀective height of the block of sheared matrix and are given by:
dcl (x) = |w0c (x)− w0l (x)|+ t, (6.6)
dcr (x) = |w0c (x)− w0r(x)|+ t, (6.7)
where w0c, w0l and w0r are the original positions at a coordinate x central-lines of the central tow Tc
and of the adjacent tows Tl and Tr, respectively. The variable t represents the average tow thickness
over the cross-section of a tow. The tow is assumed to have an elliptical cross section of width b and
maximum thickness t. Therefore, the average cross-section thickness is equal to:
t =
2
b
b/2ˆ
−b/2
t
2
￿1− ￿ x
b/2
￿2 dx = π
4
t. (6.8)
Analysing Fig. 6.3, it is possible to conclude that for all x, the sum of dcr (x) with dcl (x), defined as
d+, is a constant given by:
d+ = dcl (x) + dcr (x) = 2
￿
v + t
￿
, (6.9)
and the diﬀerence is given by:
d− = dcr (x)− dcl (x) =

2v sin
￿
xπ
2LA
￿
for 0 ≤ x < LA
2v forLA ≤ x < LB
2v sin
￿
(L−x)π
2LA
￿
forLB ≤ x < L
. (6.10)
Using Eqs. 6.4, 6.9 and 6.10, Eq. 6.5 can be re-written as:
pweave = d
+Gmw (x)
g
+ d−
Gmw (L− x)
g
, (6.11)
where the subscript c is omitted for convenience. The first term on the Right-Hand-Side (RHS) of Eq.
6.11 can be included directly in the equilibrium of the beam. The second term on the RHS of Eq.
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6.11 consists of a diﬀerence between distances and is therefore smaller than the first. It will be shown
that including the second term implies solving iteratively/numerically the diﬀerential equation. It can
also be verified that it has a small eﬀect on the final solution and therefore, to obtain a closed form
analytical solution, it can be neglected.
6.2.3 Through-thickness support
In an actual 2D woven laminate, adjacent layers have a random relative shift, Fig. 6.4a. Following
the approach previously presented in Chapter 5, two practical bounds for this shift are defined, cor-
responding to cases where: i) adjacent layers are In-Phase (IP), ii) adjacent layers are Out-of-Phase
(OP), Figs. 6.4b and 6.4c, respectively.
(a) Random-stacked (b) In-Phase (IP) (c) Out-of-Phase (OP)
Figure 6.4: Cross-sections of random-stacked, In-Phase and Out-of-Phase laminates.
6.2.3.1 In-Phase (IP)
Geometrical relations
In the present sub-section, the support provided by the adjacent layers to a load-aligned tow in the
IP case is derived. Figure 6.5 defines the geometry of the kinematic model proposed. As referred
previously, the tow is considered to have an elliptical cross section. Therefore, the vertical distance
between load-aligned tows of diﬀerent layers varies along the tow width, Section CC of Fig. 6.5. To
account for this, the average vertical distance between two load-aligned tows of adjacent layers, h, is
defined as:
h = tLayer − t, (6.12)
where tLayer is the layer thickness and t is the average tow thickness over the cross section given by
Eq. 6.8. In the IP case, the support provided to the tow by the adjacent layers is essentially given
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by: (i) the shearing of the material between load-aligned tows of adjacent layers, and (ii) the pressure
that originates from the gradient of that shearing stress. These two eﬀects are discussed next.
LA LB 
Section CC C 
C 
tLayer h 
t 
t 
Region A Region B 
t 
x 
y 
tLayer 
b g/2 g/2 
Figure 6.5: Geometric parameters of the IP kinematic model.
Shear traction to the tow in the IP case- τIP
Upon loading, the rotation of load-aligned tows causes the region between tows of adjacent layers to
shear, Fig. 6.6. The shear strain in the homogenized material between tows can in general be written
as:
γ =
￿
∂w
∂x
+
∂u
∂y
￿
. (6.13)
Following [100, 123], considering small deformations and that the matrix deforms homogeneously
between tows, it is possible to write: 
δu = dwdx t
δy = h
. (6.14)
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Using Eqs. 6.14 and 6.13, the shear strain γIP of the material between adjacent tows, can be related
to the rotation of a given tow as follows:
γIP =
￿
1 +
t
h
￿
dw
dx
. (6.15)
Finally, the shear stress applied to the tow is obtained by multiplying the shear strain by the homo-
genised shear modulus Gh of the material between load-aligned tows:
τIP = Gh
￿
1 +
t
h
￿
dw
dx
. (6.16)
The homogenised shear modulus of the region between load-aligned tows varies along the tow with
x, due to the variation of its constituents (matrix and transverse tow), Fig. 6.5. In this region, the
volume fraction of the transverse tow V IPt is given by:
V IPt (x) =

0 for 0 ≤ x < g2
y(x)
h for
g
2 ≤ x < g2 + b
0 for g2 + b ≤ x < L
, (6.17)
where g is the gap between adjacent tows, b is the width of a tow, h is the vertical distance between
tows of adjacent layers given by Eq. 6.12, and y(x) is height of the transverse tow:
y (x) =
￿￿￿￿1−￿x− g2 − b2
b
2
￿2
· t. (6.18)
The homogenised shear modulus can be estimated from the Halpin-Tsai equation for the shear modulus:
Gh =
Gm (1 + ηVt)
1− ηVt , and η =
￿
G12
Gm
− 1
￿
￿
G12
Gm
+ 1
￿ , (6.19)
where Gm and G12 are the shear moduli of matrix and transverse tow, and Vt is given by Eq. 6.17.
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To obtain a closed form analytical solution, the estimated Gh needs to be further homogenised within
regions A and B. This is achieved by determining the volume fraction of the tow, Vt, for each region
as follows:
V t−A =
1
LA
ˆ LA
0
Vt (x) dx, andV t−B =
1
LB
ˆ L
LB
Vt (x) dx, (6.20)
and substituting the obtained values in Eq. 6.19
Deformed Undeformed 
dw 
dw 
dw 
dx 
!u 
t 
h 
Figure 6.6: IP kinematic model, illustrating the shearing of the material between load-aligned tows
upon loading.
Distributed load applied to the tow due to the gradient of the shear stress - pdτ/dx
Analysing the vertical equilibrium of the region between tows, Fig. 6.7, it is possible to verify that the
gradient of the shear stress induces a distributed load applied to the tow given by:
pdτ/dx = −dτdxh · b, (6.21)
where, as mentioned before, b is the tow width and h is the average thickness of the region between
tows (Eq. 6.12).
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dx 
!  b  dx !" !"
!  h  b !" !" !         dx +"d! dx" h  b 
!"
pd!  dx"
!  b  dx !" !"
Figure 6.7: Equilibrium of an element of the region between tows.
6.2.3.2 Out-of-phase (OP)
Geometrical relations
Figure 6.8 defines the geometry of the OP kinematic model. The average distances between load-
aligned tows of adjacent layers are given by:
hTop = tLayer −
￿
2w0 (x) + t
￿
, (6.22)
hBot = tLayer +
￿
2w0 (x)− t
￿
. (6.23)
In region B the distances between load-aligned tows of adjacent layers are constant. However, in
region A, they vary along the tows, Fig. 6.8. In order to obtain a closed form analytical solution, the
average of the distances hTopA and h
Bot
A along the sinusoidal tow in region A will be required and can
be obtained as follows:
h
Top
A =
1
LA
LAˆ
0
hTop (x) dx = tLayer − 4v
π
− t, (6.24)
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h
Bot
A =
1
LA
LAˆ
0
hBot (x) dx = tLayer +
4v
π
− t. (6.25)
In the OP case, the support is essentially provided by: (i) a direct pressure applied by the load-
aligned tows of adjacent layers, resulting from their deflection in opposite directions, and (ii) the
shearing of the material between the load-aligned tows of adjacent layers.
C Section CC 
LA LB 
C 
t 
Region A Region B 
w0 
x 
y 
h 
Top 
h 
Bot 
tLayer 
w0 
x 
y 
x 
y 
b g/2 g/2 
Figure 6.8: Geometric parameters of the OP kinematic model.
Distributed load applied by the load-aligned tows of adjacent layers - padj
Upon loading, in the OP configuration, adjacent tows displace identically but in opposite directions,
Fig. 6.9. Therefore, the direct strain in the regions above and bellow a given load-aligned tow, εTopyy
and εBotyy , respectively, can be homogenised as:
εTopyy = −
2w (x)
hTop
, (6.26)
εBotyy =
2w (x)
hBot
, (6.27)
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where hTop and hBot are the average vertical distances between a given load-aligned tow and the
load-aligned tows of the layers immediately adjacent, Eqs 6.22 and 6.23. Knowing the strains, the
distributed normal load applied to a given tow by the load-aligned tows of adjacent layers can be
defined as:
padj = b
− EToph
￿
1− νToph
￿
￿
1 + νToph
￿￿
1− 2νToph
￿εTopyy + EhBot ￿1− νBoth ￿￿1 + νBoth ￿ ￿1− 2νBoth ￿εBotyy
 . (6.28)
Using Eqs 6.26 and 6.27, Eq. 6.28 can be re-written as:
padj = 2w (x) b
 EToph
￿
1− νToph
￿
hTop
￿
1 + νToph
￿￿
1− 2νToph
￿ + EBoth ￿1− νBoth ￿
hBot
￿
1 + νBoth
￿ ￿
1− 2νBoth
￿
 . (6.29)
Having the geometry of the OP configuration into account, Fig. 6.8, EToph and ν
Top
h are equal to the
Young’s modulus and Poisson ratio of the matrix. However, EBoth and νBoth vary with x along the tow,
due to the variation of the fraction of the constituents in the region between the tow in the central
layer and the tow of the layer below. In this region, the volume fraction of the transverse tow, V OPt ,
is given by:
V OPt (x) =

0 for 0 ≤ x < g2
2y(x)
hBot(x) for
g
2 ≤ x < g2 + b
0 for g2 + b ≤ x < L
, (6.30)
where hBot and y are given by Eqs 6.23 and 6.18, respectively. Using Eq. 6.30, the value of EBoth can
be estimated by the Halpin-Tsai equation for the transverse modulus:
Eh =
Em (1 + 2ηVt)
1− ηVt , with η =
￿
E22
Em
− 1
￿
￿
E22
Em
+ 2
￿ , (6.31)
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where Em and E22 are the Young’s moduli of the matrix and transverse tow. The homogenized Poisson
ratio νBoth can be obtained using a rule of mixtures:
νh = νm (1− Vt) + ν12Vt, (6.32)
where νm and ν12 are the Poisson ratios of matrix and tow, respectively. To obtain a closed form
analytical solution, those properties need to be further homogenised for regions A and B. The latter
is achieved substituting Eq. 6.30 in Eq. 6.20 and using the obtained values in Eq. 6.31.
Deformed Undeformed 
dw 
dw 
dw 
dx 
t 
hBot 
hTop hTop - 2w(x) 
hBot+2w(x) 
Figure 6.9: OP kinematic model, illustrating the displacement of adjacent tows in opposite directions,
and the local shearing of the material between load-aligned tows upon loading.
Shear applied to the tow in the OP case- τOP
As in the IP case, the rotation of the load-aligned tows causes the region between load-aligned tows of
adjacent layers to shear. Analysing Fig. 6.9 it is possible to see that, in the OP case, the shear strain
applied to a given tow can be obtained by:
γ =
dw
dx
, (6.33)
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and the shear stress by:
τOP (x) =
￿
GToph +G
Bot
h
2
￿
dw (x)
dx
. (6.34)
Having into account the geometry of the OP configuration, Fig. 6.8, GToph is equal to the shear
modulus of the matrix. However, GBoth varies along the tow. Similarly to what was done for the IP
case, the values of GBoth are estimated using Eq. 6.19 and Vt given by Eq. 6.30. To obtain a closed
form analytical solution, GBoth is further homogenized for regions A and B replacing in Eq. 6.19 the
values obtained by Eq. 6.20 with Vt (x) given by Eq. 6.30.
6.2.4 Beam Equilibrium and Diﬀerential Equation
Having all relevant features identified, the diﬀerential equation governing the deflection of the beam
is derived from the equilibrium of a beam element, Fig. 6.10. The loads applied to the beam element
are: axial load P (tension/compression), a distributed normal load p (x), and shear traction τ(x). The
equilibrium of forces in the y direction of the beam element of Fig. 6.10 gives:
dV
dx
= p (x) , (6.35)
where V is the shear force. From the equilibrium of moments, it is possible to write:
￿
M +
dM
dx
dx
￿
−M + V dx+ P dwT
dx
dx+ p
(dx)2
2
− τ · b · t · dx = 0, (6.36)
where M is the moment and wT (x) is given by the sum of the initial shape, w0 (x) and the deflection
of the beam w (x):
wT (x) = w0 (x) + w (x) . (6.37)
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Figure 6.10: Equilibrium of a beam element.
Accounting for the elliptical shape of the tow, the average tow thickness over the cross-section t is
used (Eq. 6.8) when computing the moment resultant from the shear applied. Simplifying Eq. 6.36,
and neglecting higher order terms, it is possible to obtain:
dM
dx
+ V + P
dwT
dx
− τ · b · t = 0. (6.38)
Using Euler-Bernoulli beam theory, the moment can be related to the beam deflection as follows:
M = E · Iyy d
2w (x)
dx2
, (6.39)
where E is the longitudinal Young modulus of the tow and Iyy is the second moment of area of the
tow (elliptical) cross-section. Diﬀerentiating Eq. 6.38 and using Eqs. 6.37 and 6.39 it is possible to
obtain:
E · Iyy d
4w (x)
dx4
+ p (x) + P
￿
d2w (x)
dx2
+
d2w0 (x)
dx2
￿
− dτ (x)
dx
b · t = 0. (6.40)
The distributed load p (x) and shear traction τ (x) vary with the through-thickness support as described
in the previous sections.
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Case IP
In the IP case, τIP (x) is given by Eq. 6.16, here repeated for convenience:
τIP (x) = Gh
￿
1 +
t
h
￿
dw (x)
dx
. (6.41)
The distributed load pIP (x) is given by the sum of the contributions due to in-plane deflection of the
adjacent tows and to the gradient of the shear stress in the matrix, Eqs. 6.11 and 6.21 respectively:
pIP (x) =
d+Gmw (x)
g
+
d−Gmw (L− x)
g
−Ghb
￿
h+ t
￿ d2w (x)
dx2
. (6.42)
Replacing Eqs. 6.41 and 6.42 in 6.40 it is possible to obtain:
d4w (x)
dx4
+
1
E · Iyy
￿
P −Ghb
￿
1 +
t
h
￿￿
h+ t
￿￿ d2w (x)
dx2
+
− b · t
E · Iyy
dGh
dx
￿
1 +
t
h
￿
dw (x)
dx
+
d+Gm
E · Iyygw (x) +
d−Gm
E · Iyygw (L− x) = −
P
E · Iyy
d2w0 (x)
dx2
. (6.43)
Case OP
In the OP case, τOP (x) is given by Eq. 6.34, here repeated for convenience:
τOP (x) =
￿
GToph +G
Bot
h
2
￿
dw (x)
dx
, (6.44)
and the distributed load pOP (x) is given by the sum of Eqs. 6.11 and 6.29:
pOP (x) =
d+Gmw (x)
g
+
d−Gmw (L− x)
g
+
+2w (x)
 EToph
￿
1− νToph
￿
hTop
￿
1 + νToph
￿￿
1− 2νToph
￿ + EBoth ￿1− νBoth ￿
hBot
￿
1 + νBoth
￿ ￿
1− 2νBoth
￿
 . (6.45)
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Replacing Eqs. 6.44 and 6.45 in 6.40, it is possible to obtain:
d4w (x)
dx4
+
1
E · Iyy
￿
P − G
Top
h +G
Bot
h
2
bt
￿
d2w (x)
dx2
+
− b · t
2E · Iyy
￿
dGToph
dx
+
dGBoth
dx
￿
dw (x)
dx
+
2
E · Iyy
 EToph
￿
1− νToph
￿
hTop
￿
1 + νToph
￿￿
1− 2νToph
￿+ (6.46)
+
EBoth
￿
1− νBoth
￿
hBot
￿
1 + νBoth
￿ ￿
1− 2νBoth
￿ + d+Gm
2g
￿
w (x) +
d−Gm
E · Iyygw (L− x) =−
P
E · Iyy
d2w0 (x)
dx2
.
In general, Eqs 6.43 and 6.46 can be solved using a numerical method, e.g. finite diﬀerences. Using
the assumptions previously mentioned in Sections 6.2.2 and 6.2.3, Eqs 6.43 and 6.46 can be simplified
to obtain a closed form analytical solution. The assumptions are: (i) the moduli can be approximated
by constant values for each regions A and B; (ii) the second term of the weave eﬀect, d
−Gm
E·Iyygw (L− x),
can be neglected. Using these, Eqs. 6.43 and 6.46 can be re-written as:
d4w (x)
dx4
+ λ21
d2w (x)
dx2
+ λ22w (x) = −λ23
d2w0 (x)
dx2
, (6.47)
where λ23 = PE·Iyy , and the constants λ1 and λ2 are a function of the type of support, IP or OP, and
are given by:
for IP: 
λ21 =
1
E·Iyy
￿
P −Ghb
￿
1 + th
￿ ￿
h+ t
￿￿
λ22 =
d+Gm
E·Iyyg
(6.48)
for OP: 
λ21 =
1
E·Iyy
￿
P −
￿
GToph +G
Bot
h
2
￿
b · t
￿
λ22 =
2
E·Iyy
￿
d+Gm
2g +
EToph (1−νToph )
h
Top(1+νToph )(1−2νToph )
+
EBoth (1−νBoth )
h
Bot(1+νBoth )(1−2νBoth )
￿
.
(6.49)
6.2.4.1 Analytical Solution
Considering the homogeneous part of Eq. 6.47, its solution is given by:
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1. If λ41 − 4λ22 < 0:
wh (x) = C1e
−ξ1x sin (ξ2x) + C2eξ1x sin (ξ2x) + C3e−ξ1x cos (ξ2x) + C4eξ1x cos (ξ2x) , (6.50)
with ξ1 = 12
￿−λ21 + 2λ2 and ξ2 = 12￿λ21 + 2λ2.
2a. If λ41 − 4λ22 > 0 and −2λ21 ± 2
￿
λ41 − 4λ22 < 0:
wh (x) = C1 sin (ξ1x) + C2 cos (ξ1x) + C3 sin (ξ2x) + C4 cos (ξ2x) , (6.51)
with ξ1 = 12
￿
2λ21 + 2
￿
λ41 − 4λ22 and ξ2 = 12
￿
2λ21 − 2
￿
λ41 − 4λ22.
2b. If λ41 − 4λ22 > 0 and −2λ21 ± 2
￿
λ41 − 4λ22 > 0:
wh (x) = C1e
−ξ1x + C2eξ1x + C3e−ξ2x + C4eξ2x, (6.52)
with ξ1 = 12
￿
2λ21 + 2
￿
λ41 − 4λ22 and ξ2 = 12
￿
2λ21 − 2
￿
λ41 − 4λ22.
The constants Ci are obtained from the boundary conditions provided in Table 6.1.
In region A, Fig. 6.1, the beam is initially deformed, Eq. 6.1, and as a consequence the right-hand-
side of Eq. 6.47 is diﬀerent from zero. Therefore, a particular solution that satisfies Eq. 6.47 needs
to be determined. Without loss of generality, the particular solution is assumed to be of the following
form:
wp (x) = C0w0 (x) , (6.53)
where w0 (x) is given by the first part of Eq. 6.1. Replacing Eq. 6.53 in 6.47, the particular solution
comes as:
wp (x) =
4λ23π
2LA2
π4 − 4λ21π2L2A + 16λ22L4A
w0 (x) , (6.54)
and the global solution can be obtained as:
w (x) = wh (x) + wp (x) . (6.55)
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6.2.4.2 Determination of the stresses within the tow:
Having solved the diﬀerential equation, the two main stress components within the tow, σLCS11 and
τLCS12 can be readily obtained, in the LCS following the tow centre-line (Fig. 6.1), from:
σLCS11 =
P
2b · t (1 + cos (2θ)) + E
d2w
dx2
y +
￿
−1
2
d3w
dx3
E
￿￿
t
2
￿2
− y2
￿
+Gh
dw
dx
− P
b · t
dwT
dx
￿
· sin (2θ) ,
(6.56)
τLCS12 = −
P
2b · t sin (2θ) +
￿
−1
2
d3w
dx3
E
￿￿
t
2
￿2
− y2
￿
+Gh
dw
dx
− P
b · t
dwT
dx
￿
cos (2θ) , (6.57)
where y ∈ ￿− t2 , t2￿ and θ = dwTdx . It is worth highlighting that the present formulation also enables
to calculate other stress components, such as the average stresses applied at the material between
load-aligned tows.
6.2.5 Failure prediction
Failure is predicted in a similar fashion to what was presented previously in the numerical model,
Chapter 5. The material is assumed to fail when the failure of the load-aligned tow is detected.
The failure of the tow is determined using two diﬀerent sets of failure criteria: maximum stress and
physically-based. Both criteria have been described in Chapter 5, and are briefly summarized next.
6.2.5.1 Maximum Stress
The maximum stress criteria compare directly the measured strengths of a given material with the
applied stresses. Therefore, compressive failure is predicted when:
FIC = −σ11
XC
= 1, forσ11 < 0, (6.58)
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where XC is the longitudinal compressive strength of the tow. Tensile failure is predicted similarly:
FIT =
σ11
XT
= 1, forσ11 > 0, (6.59)
where XT is the longitudinal tensile strength of the tow
6.2.5.2 Physically-based
In physically-based criteria, diﬀerent failure modes are modelled separately and derived from the
physics of the failure process. As suggested by experimental evidence, Chapter 3, longitudinal com-
pressive failure is predicted using a kinking criterion [114]:
FIKINK =
￿
τm23
ST − ηTσm22
￿2
+
￿
τm12
SL − ηLσm22
￿2
+
￿ ￿σm22￿+
YT
￿2
= 1, (6.60)
where ST and SL are the transverse and longitudinal shear strengths, and YT is the transverse tensile
strength. The variables ηT and ηL are the slope or friction coeﬃcients. The latter increase the
respective shear strengths in the presence of a compressive normal traction and reduce the respective
shear strengths in the presence of a tensile normal traction. The stress components in the misaligned
frame in Eq. 6.60 are given by:

σm22 = σ11 sin
2 ϕ+ σ22 cos2 ϕ− 2τ12 sinϕ cosϕ
τm12 = −σ11 sinϕ cosϕ+ σ22 sinϕ cosϕ+ τ12
￿
cos2 ϕ− sin2 ϕ￿ .
τm23 = τ23 cosϕ− τ31 sinϕ
(6.61)
The angle ϕ is the sum of an initial misalignment angle ϕ0, a material property, and the shear strain
γm0 expressed in a coordinate system aligned with ϕ0 [114]:
ϕ = sign (τ12)ϕ0 + γm0 . (6.62)
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In the present work the shear strain γm0 is considered to be a linear function of the shear stress applied,
and is obtained by [114]:
γm0 =
ϕ0G12 + |τ12|
G12 + σ11 − σ22 . (6.63)
Tensile failure is predicted using the maximum stress criterion mentioned before.
6.2.6 Application
The analytical model was applied to a 2× 2 twill carbon-epoxy composite, the same material used in
Chapters 3 and 5. To define the model it is necessary to have the nominal geometry of the weave,
and the properties of the constituents. The latter have been already given in Chapter 5 and are here
repeated for completeness, Tables 6.2, 6.3 and 6.4. Other values were obtained from literature, Table
6.5
Table 6.2: Characterisation of the material used. 30 measurements for each dimension were made
on micrographs obtained from samples of cured material. UCl and UCw are, respectively, the length
and width of the unit cell. g is the length of the gap between adjacent tows; γ is the angle of the
load-aligned tow relative to the loading direction, measured at the centre of the crimp region. b and t
are, respectively, the width and thickness of a cross-section of a tow.
2× 2 twill: T300/920CX-3K, Areal density = 368 g/m2, Vf = 45%
Weave architecture - unit cell Crimp Region (CR) Tow
UCl = UCw = 8.36± 0.61mm g = 0.51± 0.007mm, γ = 6.4◦ ± 2.3◦ b = 1.58± 0.08mm, t = 0.15± 0.01mm
UCw 
UCl 
g ! 
b 
t 
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Table 6.3: Tow properties, Vf = 70%, after [115].
E11 E22 G12 ν12 ν23 XT XC YT ST SL
[GPa] [GPa] [GPa] [MPa] [MPa] [MPa] [MPa] [MPa]
160.20 9.82 4.68 0.31 0.29 2002 -1677 85 82 176
Table 6.4: Matrix Properties, obtained from manufacturer (Hexcel).
E ν XT XC
[GPa] [MPa] [MPa]
3760 0.39 35 290
Table 6.5: Typical values of the friction coeﬃcients and initial misalignment angle for UD carbon-epoxy
materials [114].
ηT ηL ϕ0
0.2867 0.082 2.68◦
6.3 Numerical Model: 2× 2 Twill
To assist the validation of the analytical model, the meso-scale FEM developed in Chapter 5 was used.
The model was used to validate the analytical predictions for the stresses along the tow. It was solved
using large displacement formulation and no damage was modelled.
6.4 Results
6.4.1 Mesoscale stress comparison: analytical vs numerical
In the present section, the numerical and analytical results obtained for the direct stresses at the upper
and bottom surface of the tow, and the shear stress at its centre, obtained under tensile and compressive
loading are compared, Figs 6.11 and 6.12. Numerical and analytical results show, in general, good
agreement. The analytical model developed captures well the diﬀerence in response between IP and
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OP cases in both tension and compression. The range of stresses for all cases is well predicted as
well as their local trends. Nevertheless, numerical and experimental results show, in general, better
agreement for IP than for OP.
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Figure 6.11: Comparison between analytical and numerical results for σLCS1 and τLCS12 at the tow given
in the LCS following the tow centre line (Fig. 6.1). The results were obtained for a average tensile
strain applied of
￿
εGCS1
￿
= 0.008. σLCS1 was determined along the tow and at the centre of the top
and bottom surfaces (a) and (b). τLCS12 was determined along the tow centre line (c) and (d).
CHAPTER 6. ANALYTICAL MODELLING OF THE COMPRESSIVE AND
TENSILE RESPONSE OF WOVEN COMPOSITES 164
-1800 
-1600 
-1400 
-1200 
-1000 
-800 
-600 
-400 
-200 
0 
0 0.2 0.4 0.6 0.8 1 
Top 
Bot 
!11 
[MPa] 
x /L 
Analytical Numerical 
Analytical 
Numerical 
LCS 
Top 
Bottom 
(a) IP - σLCS1
-1800 
-1600 
-1400 
-1200 
-1000 
-800 
-600 
-400 
-200 
0 
0 0.2 0.4 0.6 0.8 1 
Analytical (T) 
Series5 
x /L 
!11 
[MPa] 
Numerical Analytical 
Top 
Bottom 
LCS 
(b) OP - σLCS1
!12 
[MPa] 
x /L 
Analytical 
Numerical 
LCS 
-50 
0 
50 
100 
0 0.2 0.4 0.6 0.8 1 
(c) IP - τLCS12
-35 
-15 
5 
25 
0 0.2 0.4 0.6 0.8 1 
!12 
[MPa] 
x /L 
Analytical 
Numerical 
LCS 
(d) OP - τLCS12
Figure 6.12: Comparison between analytical and numerical results for σLCS1 and τLCS12 given in the
LCS following the tow centre line (Fig. 6.1). The results were obtained for a compressive strain applied
of
￿
εGCS1
￿
= −0.008. σLCS1 was determined along the tow and at the centre of the top and bottom
surfaces (a) and (b). τLCS12 was determined along the tow centre line (c) and (d).
6.4.2 Constitutive response and failure prediction
In the present section, the constitutive responses and strengths predictions obtained analytically are
compared with experimental results. The experimental results were obtained from 10 specimens, (5
for each loading case), following the ASTM and IC standards for tensile and compressive testing
respectively [119, 120].
In the tensile case, the constitutive response is well captured apart from the slight stiﬀening eﬀect
verified experimentally, Fig. 6.13a. The failure stress predicted in the IP case is lower than for the
OP case. Using the maximum stress criteria, the range of both failure strain and stress is slightly
over-predicted. Averaging the stress predictions for the IP and OP cases, the tensile strength is over-
predicted by ∼ 3.5%, Fig. 6.13b.
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In the compression case, the variability of the constitutive response measured experimentally is
higher than for the tensile case, Fig. 6.14a. The analytical model captures well the stiﬀer experimental
curves, apart from the nonlinear region near failure. The latter leads to a slight under-prediction of the
failure strains. As referred previously, two diﬀerent criteria were used to predict compressive failure:
maximum stress and physically-based. Both criteria have a similar failure prediction for the IP case. In
the OP case, the physically-based failure criteria predict failure for higher stresses than the maximum
stress criteria. Therefore, the physically-based failure criteria predict a wider range of failure stress
and strains. Averaging the predictions for the two cases, IP and OP, physically-based and maximum
stress criteria under-predict the strength by ∼ 6.6% and ∼ 18.6%, respectively, Fig. 6.14b.
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Figure 6.13: Comparison between (a) the tensile constitutive responses, and (b) strengths obtained
experimentally and predicted analytically. Failure was determined using maximum stress criterion.
In (b), the limits of the error bars of the experimental results correspond to the minimum/maximum
values of strength registered. In the analytical predictions, the limits of the error bars correspond to
the results obtained with the IP and OP cases.
CHAPTER 6. ANALYTICAL MODELLING OF THE COMPRESSIVE AND
TENSILE RESPONSE OF WOVEN COMPOSITES 166
-700 
-600 
-500 
-400 
-300 
-200 
-100 
0 
-0.016 -0.011 -0.006 -0.001 
Experiments 
Analytical, IP 
Analytical, OP 
Physically-based 
Max stress 
!11 
GCS 
"11 
[MPa] 
GCS 
(a) Constitutive responses
XC 
[MPa] 
-459 
-527 -564 
-700 
-600 
-500 
-400 
-300 
-200 
-100 
0 
Max Stress Physically-based Experimental 
IP IP 
Std. Dev. 
OP 
OP 
Analytical 
Max Stress 
Analytical 
Physically-based 
(b) Strengths
Figure 6.14: Comparison between (a) the compressive constitutive responses, and (b) strengths ob-
tained numerically and predicted analytically. Failure was determined using maximum stress and
physically-based criteria. In (b), the limits of the error bars of the experimental results correspond to
the minimum/maximum values of strength registered. In the analytical predictions, the limits of the
error bars correspond to the results obtained with the IP and OP cases.
6.5 Discussion
6.5.1 Mesoscale stress comparison: analytical vs numerical
Results show that the analytical model is able to capture the diﬀerence in response due to the change
in support provided by the adjacent layers (IP vs OP). Nevertheless, a slightly better agreement is
found between analytical and numerical results for the IP case. This is probably due to the significant
decrease in the bending of the tows verified in the OP case, and the increase in the relative importance
of the approximations made to obtain an analytical solution for the diﬀerential equation.
In general, both local trends and range of stresses are well predicted in both tension and com-
pression. Indeed, the overall good agreement between numerical and analytical results suggests the
analytical model proposed is able to capture the essential features of the response of the composite at
the reinforcement level, particularly for IP.
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6.5.2 Constitutive response and failure prediction
The analytical model proposed is capable of accurately capturing the constitutive response of the ma-
terial. In tension, the slight stiﬀening verified experimentally, and not captured analytically, is possibly
due to the stiﬀening of the fibres [39], as this is not represented in the model. In compression, the
diﬀerences found are possibly due to the small bending always present when using standard specimens
under compression.
Concerning the failure prediction, results show that, both in tension and compression, the failure
stresses predicted by the IP case are smaller than the predicted by the OP case. Finally, averaging the
failure stresses obtained with the two cases, OP and IP, and using a physically-based failure criteria, the
analytical model is able to predict the compressive and tensile strengths with an error of approximately
∼ 6.6% and ∼ 3.5%, respectively.
6.6 Conclusions
An analytical model, based on a beam on elastic foundation, has been developed. The elastic foundation
is considered to provide both normal and shear support. Its properties are derived from kinematic
models for the deformation of the weave and account for: i) weave architecture, ii) support provided
by the adjacent layers and iii) properties of matrix and transverse tows.
The local stress predictions obtained analytically compare well with the predictions made by an
equivalent numerical model, both in terms of maximum/minimum stresses predicted, and local trends.
This agreement confirms that the essential physics of the deformation process are well captured.
The proposed model accurately predicts the tensile and compressive constitutive response and
failure strengths, particularly when coupled with physically-based failure criteria. Additionally, it also
enables the analytical determination of a range of values for the failure strengths, as a function of the
support provided by the adjacent layers.
The present work focuses on obtaining a closed form solution for the generic model proposed. In
its current form, the analytical model has a negligible run time, which can be extremely valuable to
perform parametric/sensitivities studies. Nevertheless, a numerical solution can also be implemented,
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requiring fewer approximations and enabling the inclusion of non-linear material response.
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Chapter 7
Discussion
7.1 On experimental observations of failure initiation and propaga-
tion in 2D woven composites under compression
7.1.1 FPB: damage initiation & reinforcement architecture
The observations presented in Chapter 3 show that: (i) tows behave as structural elements at the
reinforcement level, (ii) damage morphology is aﬀected by the weave architecture and geometry, (iii)
tows tend to fail at the crimp region, and (iv) kinking is the main failure mechanism responsible for
the failure of the load-aligned tows.
The structural role of the tows can be inferred from the discrete nature of the damage observed -
tows fail individually with significant out-of-plane movement. The eﬀect of the weave architecture is
clear from the diﬀerences in damage morphology observed between weft-dominated satin specimens and
twill/warp-dominated satin, and also between twill and warp-dominated satin specimens, e.g. location
of the failure at the Crimp Region (CR). The CR was critical in all specimens tested. Its relevance
was partially expected since, in this region, the fibres within the tow are misaligned with respect to
the loading direction. Indeed, the misalignment is maximum at the centre of the CR, therefore failure
would be expected to occur at this location. However, in warp-dominated satin specimens, tows failed
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systematically at a small distance d from the centre of the CR. This observation further confirms the
eﬀect of the weave architecture/internal geometry on the failure location.
7.1.2 rCC: damage propagation and stacking
From the observations presented in Chapter 3 it is possible to infer that: (i) kink-band formation,
matrix cracking and transverse tow cracking are the predominant damage propagation mechanisms
in compression, (ii) the stacking configuration (In-Phase (IP) vs random-stacked), and therefore the
support provided by adjacent layers, aﬀects the damage mechanisms, and (iii) the eﬀect of the stacking
configuration is weave dependent. The load-aligned tows were seen to fail by kink-band formation and
were generally connected by regions of cracked matrix and/or transverse tows forming a damage band.
Stacking configuration was seen to aﬀect the damage morphology, particularly in twill specimens,
suggesting its eﬀect is weave dependent. Indeed, the eﬀect of the stacking configuration is likely to
be higher for weaves that, due to their weave architecture and geometry, have a larger out-of-plane
deflection upon loading. Another seemingly relevant factor, with a more localized eﬀect, is the tightness
of the weave which aﬀects the local support provided by the transverse tows to the crimp region. It
is important to highlight that IP stacking is one of the possible arrangements present in a typical
random-stacked laminate. The presence of regions of IP layers in a woven laminate will be likely to
contribute to the variability of the damage mechanisms in 2D woven composites and consequently of
their measured properties.
7.2 On reducing the domain in the mechanical analysis of peri-
odic structures, with application to woven composites
The theoretical framework presented in Chapter 4, enables the derivation of Periodic Boundary Con-
ditions (PBCs) for the mechanical analysis of periodic structures using domains smaller than the Unit
Cells (UCs), named reduced Unit Cells (rUCs). The proposed framework is formally defined and gener-
ally applicable to any periodic structure. Its potential is illustrated through its application to diﬀerent
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periodic structures, such as 2D/3D woven and honeycombs. Oﬀset reduced Unit Cells (OrUC) are
highlighted as a particular case with interesting properties, since they allow the analysis of domains
smaller than the UC without any load restrictions. Applied to 2D woven composites, OrUCs are par-
ticularly interesting for the analysis of 2D woven laminates, due to their invariance with layer shifts
and nesting.
The simplicity of the proposed framework is used to develop an algorithm, Section 4.5, capable
of: (i) automatically select the smallest rUC for a given loading, (ii) determine and (iii) apply the
appropriate periodic boundary conditions to the finite element model of the rUC. Coupled with a
voxel meshing procedure, it enables the automatic modelling and analysis of any 2D orthogonal weave.
Albeit voxel meshing has advantages due to the ordered nature of the mesh obtained, the algorithm
can be integrated with any other meshing procedure. Results show that, identical results are obtained
with the rUCs of diﬀerent sizes validating the framework presented. The reduction in the analysis
domain lead to time savings of ∼ 90% in the analysis stage. Additionally, considerable time savings,
not accounted for, are also achieved in the modelling/meshing stages.
7.3 On the numerical modelling of 2D Woven composites: bi-
axial loading
7.3.1 Stress analysis: In-Phase (IP) vs Out-of-Phase (OP)
In Chapter 5, the comparison between the stress distributions obtained with IP and OP models shows
that, as suggested in Chapter 3, the eﬀect of the support provided by the adjacent layers can not be
neglected. Overall, the IP case shows greater tow bending compared with the OP case. This diﬀerence
in response leads to significant diﬀerences in the stress fields obtained.
7.3.2 Constitutive response and failure prediction
Results show that the predicted constitutive responses, in both tension and compression, agree well
with the experimental results. In both tension and compression the failure stresses predicted by the
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In-Phase (IP) case are smaller than the predicted by the Out-of-Phase (OP) case. The diﬀerence
between the two cases, IP and OP, is higher in compression than in tension. The latter suggests failure
in compression is more aﬀected by the support provided by the adjacent layers than failure in tension.
Averaging the failure stresses obtained with the two cases, OP and IP, and using a physically-based
failure criteria the compressive and tensile failure stresses are predicted with an error of less than 4%.
The numerical modelling enables the detailed analysis of the predicted damage morphology at
failure. In compression, failure is predicted to occur in the crimp region area. However, the failure
locus predicted by the physically-based criteria is diﬀerent between IP and OP cases. This diﬀerence
is caused by the higher shear stress verified at the centre of the crimp region of the tow in the IP case
due to bending. In tension, the predicted failure locus is the same for both cases, and dictated by the
maximum direct stress along the tow.
The eﬀect of modelling damage prior to final failure was more significant in tension than in com-
pression. This is in agreement with experimental evidence, where damage prior to failure is in general
more diﬃcult to observe in compression than in tension. Overall, modelling damage prior to final
failure contributed to the increase in the accuracy of the failure strength predictions.
7.3.3 Biaxial loading and failure envelope generation
Numerical results show that both predicted strength and eﬀect of the out-of-plane support vary sig-
nificantly with the biaxial loading ratio. The eﬀect of the out-of-plane support is higher for: ten-
sion/compression and compression/compression.
7.4 On the analytical modelling of the compressive and tensile
response of 2D woven composites
7.4.1 Mesoscale stress comparison: analytical vs numerical
In Chapter 6 the results obtained for the stress along the tows with the analytical model were validated
against results obtained with an equivalent numerical model. In general, the comparison between
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analytical and numerical models shows that, both local trends and range of stresses are well predicted.
The latter suggests the analytical model proposed is able to capture the essential features of the
response of the composite at the reinforcement level.
7.4.2 Constitutive response and failure prediction
The comparison between analytical and experimental results shows that the analytical model proposed
is capable of accurately capturing the constitutive response of the material.
Similarly to the numerical case discussed previously, results show that, both in tension and com-
pression the failure stresses predicted by the IP case are lower than the predicted by the OP case.
Averaging the failure stresses obtained with the two cases, OP and IP, and using a physically-based
failure criteria, the analytical model is able to predict the compressive and tensile strengths with an
error of approximately ∼ 6.6% and ∼ 3.5%, respectively. Although this error is slightly higher than
the error obtained with the numerical model, see previous section, it is still within an acceptable range,
particularly having into account the simplicity of the model.
Chapter 8
Conclusions
8.1 On experimental observations of failure initiation and propaga-
tion in 2D woven composites under compression
Experimental investigations were conducted on the damage initiation and propagation in 2D woven
composites under compression. The following conclusions were reached:
• tows behave as structural elements at the reinforcement level
• damage morphology is aﬀected by the weave architecture/geometry and support provided by the
adjacent layers
• tows tend to fail at the crimp region
• kinking is the predominant failure mechanism responsible for the failure of the load-aligned tows
• kink-band formation, matrix cracking and transverse tow cracking are the predominant damage
propagation mechanisms in compression
The experimental findings suggest that, to capture the physics of the compressive failure of 2D woven
composites, the weave architecture and the support provided by the adjacent layers should be con-
sidered explicitly.
174
CHAPTER 8. CONCLUSIONS 175
8.2 On reducing the domain in the mechanical analysis of peri-
odic structures, with application to woven composites
A theoretical framework was developed, which enables the derivation of Periodic Boundary Conditions
(PBCs) for the mechanical analysis of domains smaller then the Unit Cells (UCs), named reduced
Unit Cells (rUCs). The proposed framework is formally defined, simple and applicable to any periodic
structure and to both analytical and numerical analysis.
In the numerical analysis, the reduction in the domain size, obtained by the use of rUCs, leads to
significant time savings in the modelling/meshing and analysis stages. The latter enables the increase
in the quality and refinement of the mesh, and opens the door to the use of more realistic, albeit
generally more time-consuming, constitutive models and failure criteria.
In the analytical modelling, the reduction of the domain size, leads to a potential simplification
of the geometries that need to be modelled. The latter enables the increase in the detail and/or the
avoidance of major simplifications.
Taking advantage of the simplicity of the proposed formulation an algorithm was developed which
is capable of: (i) automatically selecting the smallest rUC for a given loading, (ii) determining and
(iii) applying the appropriate periodic boundary conditions to the Finite Element Model of the rUC of
any 2D orthogonal weave. It is important to highlight that the strategy proposed is general and can
be extended to more complex geometries, e.g. 3D woven fabrics.
8.3 On the numerical modelling of 2D Woven composites: bi-
axial loading
Using the formulation developed in Chapter 4, a numerical model consisting of a reduced Unit Cell
of a 2×2 twill geometry was developed. The reduced size of the analysis domain enabled the detail
modelling of tows and matrix. The support provided by the adjacent layers has been accounted for by
considering two practical cases of support: In-Phase (IP) and Out-of-phase (OP). These support cases
bound the support a given layer can have within a laminate. The comparison between the stress fields
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obtained with the two cases shows that the support provided by the adjacent layers aﬀects significantly
the stress fields obtained, and can not be neglected.
The elasto-plastic response of the matrix and intra-ply delamination have been modelled. The
material is assumed to fail after the failure of the tows is detected using either maximum stress
and/or physically-based failure criteria. Results show that, accounting for damage prior to final failure,
namely matrix plasticity and tow/matrix debonding, has a more significant eﬀect in tension than in
compression and leads to an improvement in the accuracy of the failure strengths prediction.
Overall, failure predictions show good agreement with experiments, particularly when physically-
based failure criteria are used. Additionally, the detailed modelling at the reinforcement level enables
valuable insight into the predicted damage morphology at failure.
Finally, the numerical model was used to predict the in-plane biaxial failure envelope. Both pre-
dicted failure strength and eﬀect of the out-of-plane support were seen to vary with the biaxial loading
ratio. Since, in general, the relative position of adjacent plies is not controlled, significant variability in
the material strength should be expected for biaxial loading ratios where the eﬀect of the out-of-plane
support is higher: tension/compression and compression/compression.
This type of information, expensive to obtain experimentally, is extremely useful both for the user
and the material developer, highlighting the relevance of the approach proposed.
8.4 On the analytical modelling of the compressive and tensile
response of 2D woven composites
An analytical model was developed to capture the response of 2D orthogonal woven composites under
uni-axial loading, at the reinforcement level. It is based on a beam on elastic foundation whose
properties are physically derived, and account for:
• weave eﬀect
• support provided by the adjacent layers
• properties of matrix and transverse tows
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The comparison between the local stress predictions, along the load-aligned tows, obtained analytically
and with an equivalent numerical model developed in Chapter 5, suggests the analytical model captures
well the essential features of the deformation process.
The constitutive response and failure strengths predicted show good agreement with experiments,
particularly if physically-based failure criteria are used. The discrepancies found are attributed to the
nonlinear material response of the composite constituents near failure, not included in the model. The
latter can potentially be added to the model, albeit compromising its simplicity.
Having virtually ’zero’ setup and run time, provides an alternative/complement to detailed nu-
merical models, which is particularly useful when performing parametric or sensitivities studies. The
latter can be of great importance to both material manufacturers and designers, enabling, amongst
others, the identification of key variables and the assessment of the eﬀect of variability of the material
properties and/or reinforcement geometry on the ultimate strength.
Chapter 9
Further work
9.1 Experiments
Chapter 3 focused on the investigation of failure initiation and propagation in compression for two
diﬀerent types of weaves. It would be interesting to use the methodology developed to investigate the
response of other types of weaves.
In order to validate, and further develop, the analytical and numerical models presented, it is
important that a comprehensive experimental program is conducted. The experimental program should
focus on: (i) providing the data needed for the development of meso-scale models (e.g. properties of the
constituents and characterization of the internal geometry), (ii) monitoring and characterizing damage
initiation and propagation, and (iii) obtaining failure envelopes. The first is crucial to obtain truly
representative models. The second and third would enable a solid validation of the developed models.
It would also be relevant to investigate the eﬀect of the stacking on properties such as strength and
toughness by manufacturing laminates with diﬀerent stacking arrangements (In-Phase, Out-of-Phase,
and other controlled phased shifts). This data would not only be relevant to the modelling of existing
2D woven composites, but also to the development of new reinforcement architectures.
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9.2 Mechanical analysis of periodic structures
In Chapter 4, using the general mathematical formulation developed, an algorithm capable of automat-
ically selecting the smallest rUC, deriving and applying the appropriate periodic boundary conditions
for any 2D orthogonal weave was presented. The extension of the algorithm to 3D woven composites
can be readily done, provided a convenient representation language is used.
Typically, in FE multiscale simulations, each integration point of a given scale runs the FE sim-
ulation of a representative model of a lower scale. Often, these simulations use or assume, in one or
more scales, the periodicity of the constituents, and therefore use UC models coupled with periodic
boundary conditions to apply the load. The mathematical formulation proposed, within the context
of a multiscale analysis, would enable the reduction of the domains of the UCs used and therefore lead
to significant reductions in the overall analysis time of the multiscale simulations.
9.3 Numerical modelling
The modelling strategy proposed is well suited for the analysis of loading cases where catastrophic
failure occurs without significant damage prior to failure. However, other loading cases (or material
systems) might require the explicit modelling of damage within the tows and/or its eﬀect on the
stiﬀness degradation of the tows. An example of this is the delamination typically verified within the
tows in shear loading cases.
In the present work the eﬀect of the support provided by the adjacent layers was investigated
through two limit cases. However, intermediate cases of phase-shift and/or random shifts can be
simulated. The numerical simulation of intermediate cases of phase-shift require only the re-definition
of the out-of-plane periodic boundary conditions. Additionally, random shifts can be modelled using
OrUCs and explicitly modelling the adjacent layers.
The out-of-plane support provided by the adjacent layers is a random variable since, in general, it
is not controlled during manufacturing. However, it is not the only random variable having potentially
an eﬀect on the material strength. Detailed microscopy, reveals that variables such as the crimp angle
and tow thickness, also vary randomly, possibly contributing to the spread in the ultimate strength of
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the material. These observations suggest the use of Monte-Carlo methods to predict the eﬀect of the
variability observed.
9.4 Analytical modelling
The analytical model developed in Chapter 6 was validated for a y × y twill weave. However, the
approach proposed is general and can easily be adapted to analyze other weaves, namely plain weave
and yH satin.
The numerical/iterative solution of the formulation proposed could also be exploited. It would
enable to the inclusion of the non-linear material response, and/or the avoidance of some of the
approximations used to obtain an analytical solution.
Finally, extending the model to a more generic stress state would be extremely valuable, enabling
the use of the model to predict failure/critical regions at the component level in a FE analysis.
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